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We present the possibility that Dirac and Majorana neutrino wave packets can be distinguished
when subject to spin-gravity interaction while propagating through vacuum described by the Lense-
Thirring metric. By adopting the techniques of gravitational phase and time-independent perturba-
tion theory following the Brillouin-Wigner method, we generate spin-gravity matrix elements from
a perturbation Hamiltonian and show that this distinction is easily reflected in well-defined gravita-
tional corrections to the neutrino oscillation length for a two-flavour system. Explicit examples are
presented using the Sun and SN1987A as the gravitational sources for the Lense-Thirring metric.
This approach offers the possibility to determine the absolute neutrino masses by this method and
identify a theoretical upper bound for the absolute neutrino mass difference, where the distinctions
between the Dirac and Majorana cases are evident. We discuss the relevance of this analysis to
the upcoming attempts to measure the properties of low-energy neutrinos by SNO and other solar
neutrino observatories.
PACS numbers: 04.90.+e, 14.60.Pq, 04.80.+z, 97.60.Bw
I. INTRODUCTION
As arguably the most elusive of the known subatomic particles in existence, neutrinos nontheless offer great promise
for revealing insights at both the microscopic and cosmological level. Because they are generated solely from the weak
interaction and have an extremely small scattering cross section, to just even observe a neutrino event is a major
experimental accomplishment. Neutrinos have the surprising property of having exclusively negative helicity due to
parity violation of the weak interaction, and that only their left-handed chiral projections interact with matter. For
all these reasons, it was understandable to assume that neutrinos were strictly massless particles like photons which
propagate at the speed of light, and are represented as such in the Standard Model of particle physics. However, there is
clear evidence that the Standard Model is incomplete because of the recent experimental discovery by Superkamiokande
[1] and the Sudbury Neutrino Observatory (SNO) [2] demonstrating that neutrinos can transform from one species to
another while propagating through space. This property, known as neutrino flavour oscillation [3], strongly suggests
that neutrinos have non-zero rest mass, since the standard treatment of the theory for a two flavour system requires
that each flavour has a distinct mass eigenstate.
The current theory of neutrino oscillations is based on solving the Dirac equation in flat space-time for the mass
eigenstates and their associated energy eigenvalues. One immediate consequence is that we lack sufficient information
to determine their absolute masses outright, since only the mass-squared difference can be determined directly by
observation. Because of this fact, it is not obvious how to obtain the absolute neutrino masses without resorting
to debatable theoretical speculations. Since an enormous number of neutrinos were produced in the early Universe,
having a reliable figure for the neutrino masses can give cosmology researchers better insight about the nature of dark
matter, with implications for the Universe’s overall evolution. There is also a conceptual difficulty with the current
approach to neutrino oscillations, in that neutrinos are largely produced in supernovae and within the stellar cores
of astrophysical sources, where for the case of a neutron star the curvature of space-time near its surface is close to
the Schwarzschild limit. Therefore, a more complete approach should be within the framework of a curved space-time
background, as described by Einstein’s general theory of relativity.
On a different level entirely, neutrinos can be modelled as the propagation of plane waves, wave packets, or quantum
fields. The obvious advantage for using plane waves comes from the simplicity in performing calculations, but at the
expense of losing possibly significant physical insights. Indeed, the fact that neutrinos are quantum objects which
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2can be localized in a detector suggests that they should at least be treated as wave packets [4] with some spatial
extension subject to the Heisenberg uncertainty relations. This point becomes especially relevant when considering
the effects of gravitation on neutrino wave packets, since both are inherently non-local in nature, where space-time
curvature may have a non-trivial influence on their intrinsic properties as they propagate through space. Conversely,
it is theoretically possible to glean insights about the nature of space-time at the quantum mechanical level that may
provide some observational clues towards attaining a viable quantum gravity theory. In fact, much research has been
done to better understand the interface between quantum mechanics and classical gravitation, where most recently
it was shown [5] that the gravitational field can distinguish between the helicity and chirality of massless spin-1/2
particles. This is in contrast to the prevalent understanding [6] that the helicity and chirality operators coincide for
massless spin-1/2 particles in a flat space-time background.
Another more fundamental debate concerns whether neutrinos exist as Dirac particles, where the antineutrinos
are physically unique particles, or Majorana particles, where the neutrinos and antineutrinos are identical. More
precisely, this means that Dirac neutrinos and antineutrinos have a distinct set of quantum numbers, while the
Majorana set share the same quantum numbers. While lepton number is a conserved quantity for Dirac neutrinos, it
is violated for Majorana neutrinos. Currently the only proposed method to distinguish between the two types comes
from neutrinoless double beta decay [7, 8], which can only happen for Majorana neutrinos. Because of the extreme
difficulty in making such an observation, it may be a long time before this ambiguity can become clarified by this
approach. As for neutrino oscillations, current understanding suggests that it is not possible to distinguish between
Dirac and Majorana neutrinos by this method. This is because both neutrino types share the same left-handed
projection of their respective four-spinors [9], which generate the same physical predictions in this context. Again,
however, it is important to emphasize that this understanding comes about in the absence of a gravitational field.
In this paper, we consider the possibility of whether classical gravitation, described in terms of the Lense-Thirring
metric [10] can have an impact on neutrino wave packet propagation, with consequence for neutrino oscillations.
This is done by treating the gravitational field as a phase contribution to the neutrino wavefunction leading to an
interaction Hamiltonian. By using the techniques of time-independent perturbation theory, we can determine the
perturbation energy from the matrix elements corresponding to the propagation of neutrino wave packets, which
are represented by a power series expansion in terms of their rest masses. A preliminary investigation [12] into this
problem following a semi-analytical approach shows that it is theoretically possible to extract the absolute neutrino
masses from direct observation because the oscillation length becomes dependent on both the linear mass difference
coupled to the gravitational field, as well as the mass-squared difference.
Since this first investigation considered the problem exclusively for Dirac neutrinos, it left open the question of
whether Majorana neutrinos would behave differently from their Dirac counterparts under the same conditions. The
purpose of this paper is to address this question by performing the same general analysis as before, but with much
greater attention to detail emphasized throughout. As a result, we have a set of calculations to present with virtually
no approximations employed, in which we show that the gravitational field can fundamentally distinguish between
Dirac and Majorana neutrinos [13]. We begin in Sec. II with the formalism on neutrinos in curved space-time, the
Lense-Thirring metric, and a description of gravitational phase required for the time-independent perturbation theory
calculations in this paper. This is followed by Sec. III, which provides both the formalism of neutrino wave packets.
The resulting matrix element calculations are then described by Sec. IV for both Dirac and Majorana neutrinos. After
this, we proceed in Sec. V to determine the mass-dependent perturbation energy via the Brillouin-Wigner approach
normally used in condensed matter theory. This has the advantage of generating exact energy corrections for a two-
level spin system, eventually leading to the main formal expressions in this paper. We then perform some extensive
numerical analysis in Sec. VI using both the Sun and the SN1987A supernova as examples to predict the gravitational
corrections on the neutrino oscillation length, and present a method to extract the absolute neutrino masses by this
approach. Finally, we conclude in Sec. VII with a discussion about possible future developments that may follow from
this investigation.
II. NEUTRINOS IN CURVED SPACE-TIME WITH GRAVITATIONAL PHASE
A. Covariant Dirac Equation
For all calculations to follow, the space-time metric has −2 signature and we adopt geometric units G = c = 1 [14],
such that all physical quantities are described in units of length defined by M , the mass of the gravitational source.
We start with the covariant Dirac equation in curved space-time [15] for spin-1/2 particles with mass m:[
iγµ(x)Dµ − m
~
]
ψ(x) = 0, (1)
3where the set of space-time dependent gamma matrices {γµ(x)} satisfy {γµ(x), γν(x)} = 2 gµν(x), and the covariant
derivative operator Dµ ≡ ∂µ + iΓµ is described in terms of spin connection Γµ, such that Dµ γν(x) = 0. By defining
a local Minkowski frame at each space-time point on the manifold for a given set of orthonormal tetrads {eµˆ} and
basis one-forms
{
eµˆ
}
labelled by hatted indices and satisfying
〈
eµˆ, eνˆ
〉
= δµˆνˆ , the curved space-time metric is
g = ηµˆνˆ e
µˆ ⊗ eνˆ , where ηµˆνˆ is the Minkowski metric tensor. The general metric tensor gµν is then related to ηµˆνˆ in
terms of vierbein projections
{
eαˆµ
}
, {eµαˆ} satisfying eαˆ = eαˆβ eβ and eαˆ = eβαˆ eβ, such that
eαˆµ e
µ
βˆ = δ
αˆ
βˆ , e
µ
αˆ e
αˆ
ν = δ
µ
ν , (2)
gµν = ηαˆβˆ e
αˆ
µ e
βˆ
ν . (3)
The spin connection matrix is then
Γµ = −1
4
σαβ(x) Γαβµ = −1
4
σαˆβˆ Γαˆβˆµˆ e
µˆ
µ , (4)
where σαˆβˆ = i2 [γ
αˆ, γβˆ] are the Minkowski space-time spin matrices, and Γαˆβˆµˆ are the Ricci rotation coefficients derived
from the Cartan equation of differential forms
deµˆ + Γµˆβˆαˆ e
αˆ ∧ eβˆ = 0. (5)
B. Dirac Hamiltonian in Lense-Thirring Space-Time
The Lense-Thirring metric in cartesian co-ordinates xµ =
(
x0, x1, x2, x3
)
= (t, x, y, z) is given by
g =
(
1− 2M
r
)
dt⊗ dt−
(
1 +
2M
r
)
(dx⊗ dx+ dy ⊗ dy + dz ⊗ dz)
+
4
5
MΩR2
r3
[x (dy ⊗ dt+ dt⊗ dy)− y (dx⊗ dt+ dt⊗ dx)] , (6)
used to describe a weak gravitational field in the vicinity of a rotating star, where R is the radius of the gravitational
source, Ω is its rotational velocity, and r =
√
x2 + y2 + z2. Given that α and β are the usual four-dimensional
Dirac matrices and Σˆ = σ0ˆˆ is the spin angular momentum operator, the Lense-Thirring spin connection components
following (4) are then
Γt =
(
1− M
r
)−1(
1 +
M
r
)−2{
MΩR2
5 r3
[
3 z
r2
(
1 +
2M
3 r
)
(Σ · r)−Σzˆ
]
− i M
2 r3
(
1 +
M
r
)
(α · r)
}
, (7)
Γx =
(
1 +
M
r
)−2{
M
2 r3
(Σ× r)xˆ − i 3MΩR
2
5 r5
(
1 +
2M
3 r
)(
1− M
r
)−1 [
y (α · r) + x (α× r)zˆ
]}
, (8)
Γy =
(
1 +
M
r
)−2{
M
2 r3
(Σ× r)yˆ + i 3MΩR
2
5 r5
(
1 +
2M
3 r
)(
1− M
r
)−1 [
x (α · r)− y (α× r)zˆ
]}
, (9)
Γz =
(
1 +
M
r
)−2{
M
2 r3
(Σ× r)zˆ − i 3MΩR
2
5 r5
(
1 +
2M
3 r
)(
1− M
r
)−1 [
z (α× r)zˆ
]}
. (10)
Therefore, the corresponding Dirac Hamiltonian derived from (1) up to leading order in M/r is
H0 ≈
(
1− 2M
r
)
α · p+m
(
1− M
r
)
β + i~
M
2 r3
(α · r)
+
4
5
MΩR2
r3
Lzˆ +
1
5
~MΩR2
r3
[
3 z
r2
(Σ · r)−Σzˆ
]
, (11)
where Lzˆ = xpyˆ − y pxˆ is the orbital angular momentum operator in the z-direction. For future reference, (11) is
regarded as the zeroth-order part of the total Hamiltonian with an interaction term, where the latter is a perturbation
due to the gravitational phase contribution, whose details are listed immediately below.
4C. Gravitational Phase and the Interaction Hamiltonian
For this investigation, we want to consider the effect of gravitation on the quantum propagation of a neutrino
wave packet from the gravitational source to the Earth. Such a condition implies that, unlike other semiclassical
treatments often found in the literature [16], we need to average over all possible trajectories within phase space that
are accessible by the neutrino, as opposed to integrating over its classical trajectory described by the geodesic equation.
Such a consideration requires that we use time-independent perturbation theory, where the interaction Hamiltonian
is dependent on the space-time metric. This can come about following the introduction of the gravitational field via a
phase shift in the wavefunction. The gravitational phase ΦG for a weak gravitational field is then described by [17–20]
ΦG ≡ 1
2
∫ xµ
xµ0
dzλhλα(z)p
α − 1
4
∫ xµ
xµ0
dzλ [hλα,β(z)− hλβ,α(z)]Lαβ(z), (12)
where hµν = gµν − ηµν is the metric deviation, pµ and Lαβ are the momentum and orbital angular momentum
operators of the free particle, and zµ = (t′, x′, y′, z′) is the integration variable over some arbitrary classical path in
space-time. One of the main properties of the gravitational phase in this form is that a wavefunction described with
(12) becomes a solution of the weak-field covariant Klein-Gordon equation, exact to first order in hµν and invariant
under hµν → hµν − (ξµ,ν + ξν,µ), the co-ordinate gauge conditions which follow from the co-ordinate transformations
xµ → xµ + ξµ.
When applied to a closed space-time integration path, (12) leads to the covariant generalization of Berry’s phase
[21] with useful applications for calculations involving particle interferometry [22]. This form of the gravitational
phase is comparable with other formulations [23–26] available in the literature. It has also been shown [27] that use
of (12) correctly reproduces the degree of particle deflection predicted by general relativity in the geometrical optics
limit. When ΦG is applied to spin-1/2 particles accelerated in storage rings for a metric describing noninertial motion,
it gives rise to all gravitational-inertial effects that have been either observed outright [28, 29] or are very likely to
exist [30, 31].
For the purpose of this investigation, the gravitational phase can be introduced by means of the transformation
ψ(x)→ exp (iΦG/~)ψ(x), leading to the total Hamiltonian H = H0 +HΦG , where
HΦG = α · (∇ΦG) + (∇tΦG) (13)
is a first-order correction to H0. Therefore, (13) is the interaction Hamiltonian sought after, which describes a direct
spin coupling to the gravitational field via ΦG, where the gravitational phase can be written as
ΦG(r) =
∫ t
t0
dt′ (∇tΦG) +
∫ x
x0
dx′ (∇xΦG) +
∫ y
y0
dy′ (∇yΦG) +
∫ z
z0
dz′ (∇zΦG) . (14)
In terms of the Lense-Thirring metric, the explicit expressions for ∇µΦG are
(∇tΦG) =
[
M
r′3
(r · r′)− 2M
r′
]
ptˆ − M
r′3
(t− t′) r′ · p
− 2
5
MΩR2
r′3
[
(r × p)zˆ − 2 (r′ × p)zˆ + 3 z
′
r′2
(r × r′) · p
]
, (15)
(∇xΦG) =
[
M
r′3
(r · r′)− 2M
r′
]
pxˆ − M
r′3
(x− x′) r′ · p
+
2
5
MΩR2
r′3
[[
(t− t′)pyˆ − y ptˆ
]
+
3 y′
r′2
{
r′ · (r − r′)ptˆ − (t− t′) [x′ pxˆ + r′ · p]}] , (16)
(∇yΦG) =
[
M
r′3
(r · r′)− 2M
r′
]
pyˆ − M
r′3
(y − y′) r′ · p
− 2
5
MΩR2
r′3
[[
(t− t′)pxˆ − xptˆ
]
+
3 x′
r′2
{
r′ · (r − r′)ptˆ − (t− t′) [y′ pyˆ + r′ · p]}] , (17)
(∇zΦG) =
[
M
r′3
(r · r′)− 2M
r′
]
pzˆ − M
r′3
(z − z′) r′ · p, (18)
where r = (x, y, z) = (r, θ, ϕ) is a fixed observation point in space, and
x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ. (19)
5The orientation of the neutrino beam in space, expressed in terms of spherical polar co-ordinates, is shown in Figure 1.
While this treatment does not pose any problems for the spatial separation r − r′ found in (16)–(18), the time
interval t− t′ requires more careful consideration, given that the spatial part of the event xµ = (t, r) is not constrained
to satisfy a classical trajectory defined by the Einstein field equations. However, there is a way to at least approximate
t− t′ quantum mechanically by imposing Poincare´ invariance on ∆xµ ≡ xµ−x′µ for a timelike interval ∆τ , such that
(∆τ)
2
= (∆t)
2 − (∆r ·∆r) ≈ 1
γ2
(∆t)
2
, (20)
where γ = E/m, and E =
√
(p · p) +m2. It follows that
t− t′ ≈
(
1− m
2
E2
)−1/2√
(r − r′) · (r − r′). (21)
Even with this approximation, however, there is a technical challenge in performing the integration over all spatial
angles contained in (21), so we further approximate this time interval by assuming
t− t′ ≈
(
1− m
2
E2
)−1/2
(r − r′) · (r − r′)√
〈∆r ·∆r〉
∣∣∣
r′=r
, (22)
where
〈∆r ·∆r〉 =
∫
(r − r′) · (r − r′) dΩ = 4π (r2 + r′2) (23)
is the angular average over dΩ = sin θ dθ dϕ. This construction leads to the expression
t− t′ ≈ 1√
8π
(
1− m
2
E2
)−1/2 [
r +
r′2
r
− 2 r
′
r
(x sin θ′ cosϕ′ + y sin θ′ sinϕ′ + z cos θ′)
]
, (24)
which we substitute into (15)–(18) for further evaluation. It immediately follows that (24) identically vanishes in the
limit as x′µ → xµ.
III. NEUTRINO WAVE PACKETS AND SPIN-GRAVITY INTERACTIONS
There is some debate [4] over whether neutrinos exist strictly as plane waves with precisely defined momentum
eigenstates, or as a linear superposition of plane waves with some momentum spread. While the computational
simplicity of the plane wave approach over using wave packets is obvious, the problem with such an assumption is
that the neutrino is not localizable in space, according to the Heisenberg uncertainty principle. Although the choice
to use wave packets is motivated more by the need to see the effects of curved space-time on some localized region
where the neutrino can be identified, we acknowledge that it makes intuitive sense to treat neutrinos like any other
quantum particle according to standard quantum mechanics. Therefore, we assume that the neutrino wavefunction
is a Gaussian wave packet composed of a linear superposition of plane waves in momentum space, described by
|ψ〉 = 1
(2π)3/2
∫
d3k ξ(k) eik·r |U(k)〉, (25)
where |U(k)〉 is a free-particle spinor with momentum p = ~k, and the normalized Gaussian function of width σp
and mean momentum 〈p〉 = ~k0 is
ξ(k) =
1
(
√
2π σp)3/2
exp
[
− (k − k0)
2
4 σ2p
]
. (26)
In order to make use of time-independent perturbation theory consistently, we need to assume that σp is constant.
Of course, we expect that a realistic neutrino wave packet will spread with time, but assume in this model that the
spreading is so rapid that it will not adversely affect the main results to follow. Therefore, we assume implicitly
that the perturbation energy emerges over a very short time scale and remains frozen almost immediately after the
neutrinos start propagating through space, when the gravitational potential rapidly decays to zero.
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FIG. 1: Orientation of the neutrino beam in relation to a rotating gravitational source of mass M , radius R, and angular
velocity Ω which describes the Lense-Thirring metric. As a quantum mechanical particle, the neutrino has the dynamical
freedom to occupy any position r′ = (r′, θ′, ϕ′) while propagating through space from the source to the detector defined by the
co-ordinates r = (r, θ, ϕ).
The matrix element for a transition involving neutrino wave packets due to spin-gravity coupling is then formally
described by
〈ψ(r)|HΦG |ψ(r)〉 =
1
(2π)3
∫
d3r′ d3k d3k′ ξ(k) ξ(k′) exp
[
i
(
k − k′) · r′] 〈U(k′)|HΦG (r, r′) |U(k)〉, (27)
where we integrate over all phase space, excluding the region occupied by the gravitational source. It is from the
choice of |U(k)〉 in (27) which determines the nature of the matrix element due to spin-gravity coupling, and hence
the degree of mass-dependent energy difference predicted for the Dirac and Majorana neutrino. This comparison
between Dirac and Majorana wave packet constructions and their impact on (27) immediately follows below.
A. Dirac Neutrinos
Assuming the Dirac representation [6] for α and β, the corresponding free-particle Dirac spinor for use in (25) is
|U(k)〉Dirac± =
√
E +m
2E
(
1
~σ·k
E+m
)
⊗ |±〉, (28)
where
|+〉 =
(
cos (θ/2)
sin (θ/2) eiϕ
)
, |−〉 =
( − sin (θ/2)
cos (θ/2) eiϕ
)
(29)
are the two-component spinors [11] with positive and negative helicity, respectively, whose spin quantization axis is
defined in terms of (19) along the neutrino beam’s radial direction. Then the interaction Hamiltonian (13) in the
Dirac representation is
HΦG = (σ ·∇ΦG)⊗
(
0 1
1 0
)
+ (∇tΦG)⊗
(
1 0
0 1
)
. (30)
7It is straightforward to show that the transition from |U(p)〉 to |U(p′)〉 to evaluate (27) is described by
〈U(p′)|HΦG |U(p)〉Dirac =
√
E +m
2E
√
E′ +m
2E′
[
(∇tΦG)S
(
1 +
(p · p′)
(E +m)(E′ +m)
)
+
(
((∇ΦG)S · p)
E +m
+
((∇ΦG)S · p′)
E′ +m
)
− iσ ·
[
(∇tΦG)S (p× p′)
(E +m)(E′ +m)
−
(
((∇ΦG)S × p)
E +m
− ((∇ΦG)S × p
′)
E′ +m
)]]
, (31)
where
(∇µΦG)S =
1
2
[(∇µΦG) (p) + (∇µΦG) (p
′)] (32)
is the gradient of ΦG symmetrized with respect to p and p
′ for the purpose of integration over all intermediate
momentum states. While this symmetrization of∇µΦG has no bearing on the final evaluation of (27), it does serve to
help identify in (31) the symmetric and antisymmetric contributions of the final matrix element under the interchange
of p and p′. We note immediately that the symmetric part of (31) is independent of the initial spin polarization of the
neutrino, while the antisymmetric part is coupled to the spin operator. This highlights an important feature about
the wave packet treatment, in that a spread of momentum states in the neutrino allows for the possibility to register
a non-trivial contribution of the Dirac matrix element due to spin flip. In contrast, it is impossible for a plane-wave
neutrino to see the same effect, since the spin flip part of (31) identically vanishes as p→ p′. When integrating over
phase space, it follows from (31) that the Dirac matrix element is
〈ψ(r)|HΦG |ψ(r)〉Dirac =
1
(2π)3
∫
d3r′ d3k d3k′ ξ(k) ξ(k′)
√
E +m
2E
√
E′ +m
2E′
×
{
cos
[
(k − k′) · r′]
[
(∇tΦG)S
(
1 +
~
2
(
k · k′)
(E +m)(E′ +m)
)
+ ~
(
((∇ΦG)S · k)
E +m
+
(
(∇ΦG)S · k′
)
E′ +m
)]
+ sin
[
(k − k′) · r′]
[
〈±|σ|∓〉 ·
[
~
2 (∇tΦG)S
(
k × k′)
(E +m)(E′ +m)
− ~
(
((∇ΦG)S × k)
E +m
−
(
(∇ΦG)S × k′
)
E′ +m
)]]}
, (33)
where the spin flip transition corresponding to the neutrino beam’s orientation in space is represented in terms of a
cartesian co-ordinate frame by
〈±|σ|∓〉 = [cos θ cosϕ± i sinϕ] xˆ+ [cos θ sinϕ∓ i cosϕ] yˆ − sin θ zˆ. (34)
B. Majorana Neutrinos
Performing the same set of calculations for the Majorana neutrino requires some preparation beforehand. This is
because the Majorana equivalent of the free-particle spinor (28) must be self-conjugate under the charge conjugation
operation
|U c(k)〉± = C γ 0ˆ |U∗(k)〉±, C = i γ 2ˆ γ 0ˆ. (35)
For a Majorana spinor |χ〉, this implies that [8]
|χc〉 = ±|χ〉. (36)
In order to best satisfy this requirement, we need to reformulate the problem in terms of the Weyl or chiral represen-
tation [6] for the gamma matrices. The reason follows from knowing that the Dirac spinor (28) can be decomposed
8into the sum of a left- and right-handed projection expressed as more primitive two-component spinors. Then the
Majorana spinor can be constructed as the sum of the Dirac spinor’s left-handed projection and its charge conjugate
under (35), which then satisfies (36) automatically.
We can explicitly proceed by first making use of the unitary matrix U which relates the Dirac and Weyl represen-
tations according to
γµˆWeyl = U γ
µˆ
DiracU
†, (37)
where
U =
1√
2
(
1− γ5 γ 0ˆ
)
=
1√
2
(
1 1
−1 1
)
(38)
in the Dirac representation. With (38), the interaction Hamiltonian in the Weyl representation becomes
HΦG = (σ ·∇ΦG)⊗
(
1 0
0 −1
)
+ (∇tΦG)⊗
(
1 0
0 1
)
. (39)
A simultaneous transformation of (28) then leads to Weyl form of the free-particle Dirac spinor
|U(k)〉Weyl± = U |U(k)〉Dirac± =
1√
2
√
E +m
2E


(
1 + ~σ·kE+m
)
−
(
1− ~σ·kE+m
)

⊗ |±〉, (40)
where the left- and right-handed two-component spinors are
|νL〉± = 1
2
(
1− γ5) |U(k)〉Weyl± = 1√
2
√
E +m
2E
(
0
−
(
1− ~σ·kE+m
) )⊗ |±〉, (41a)
|νR〉± = 1
2
(
1 + γ5
) |U(k)〉Weyl± = 1√
2
√
E +m
2E
( (
1 + ~σ·kE+m
)
0
)
⊗ |±〉, (41b)
such that |U(k)〉Weyl± = (|νL〉+ |νR〉)±. By then applying (35) to |νL〉 and |νR〉, we obtain the charge conjugated
spinors
|νcL〉± =
1√
2
√
E +m
2E
(
−iσyˆ
(
1− ~σ∗·kE+m
)
0
)
⊗ |±〉 = 1√
2
√
E +m
2E
(
−i
(
1 + ~σ·kE+m
)
σyˆ
0
)
⊗ |±〉, (42a)
|νcR〉± =
1√
2
√
E +m
2E
(
0
−iσyˆ
(
1 + ~σ
∗·k
E+m
) )⊗ |±〉 = 1√
2
√
E +m
2E
(
0
−i
(
1− ~σ·kE+m
)
σyˆ
)
⊗ |±〉, (42b)
where
(
σˆ
)∗
= −σyˆ σˆ σyˆ. Therefore, we can define the free-particle Majorana spinors for the matrix element (27) as
|W1(k)〉Maj.± ≡ (|νL〉+ |νcL〉)± , (43a)
|W2(k)〉Maj.± ≡ (|νR〉 − |νcR〉)± , (43b)
which by construction automatically satisfy (36). That is,
|W1(k)〉Maj.± =
1√
2
√
E +m
2E

 −iσyˆ
(
1− ~σ∗·kE+m
)
−
(
1− ~σ·kE+m
)

⊗ |±〉 = 1√
2
√
E +m
2E

 −i
(
1 + ~σ·kE+m
)
σyˆ
−
(
1− ~σ·kE+m
)

⊗ |±〉,
(44a)
|W2(k)〉Maj.± =
1√
2
√
E +m
2E


(
1 + ~σ·kE+m
)
iσyˆ
(
1 + ~σ
∗·k
E+m
)

 ⊗ |±〉 = 1√
2
√
E +m
2E


(
1 + ~σ·kE+m
)
i
(
1− ~σ·kE+m
)
σyˆ

 ⊗ |±〉. (44b)
The most transparent way to evaluate the Majorana matrix element for (44a) and (44b) is to determine each of
the components using (41a)–(42b). For transitions from a left-handed to left-handed (right-handed to right-handed)
9two-component spinor, we obtain
〈νL(R)(p′)|HΦG |νL(R)(p)〉 =
1
2
√
E +m
2E
√
E′ +m
2E′
[
(∇tΦG)S
(
1 +
(p · p′)
(E +m)(E′ +m)
)
+
(
((∇ΦG)S · p)
E +m
+
((∇ΦG)S · p′)
E′ +m
)
∓
{
(σ ·∇ΦG)S
(
1− (p · p
′)
(E +m)(E′ +m)
)
+
σ · p
E +m
(
(∇tΦG)S +
((∇ΦG)S · p′)
E′ +m
)
+
σ · p′
E +m
(
(∇tΦG)S +
((∇ΦG)S · p)
E +m
)}
− iσ ·
[
(∇tΦG)S (p× p′)
(E +m)(E′ +m)
−
(
((∇ΦG)S × p)
E +m
− ((∇ΦG)S × p
′)
E′ +m
)]
∓ i (∇ΦG)S · (p× p
′)
(E +m)(E′ +m)
]
, (45)
where the upper (lower) sign corresponds to the left- (right)-handed two-component spinor. We immediately verify
from comparison with (31) that
〈νL(p′)|HΦG |νL(p)〉+ 〈νR(p′)|HΦG |νR(p)〉 = 〈U(p′)|HΦG |U(p)〉Dirac, (46)
as expected. Similarly, the conjugate left-handed to conjugate left-handed (conjugate right-handed to conjugate
right-handed) two-component spinor transition is
〈νcL(R)(p′)|HΦG |νcL(R)(p)〉 =
1
2
√
E +m
2E
√
E′ +m
2E′
[
(∇tΦG)S
(
1 +
(p · p′)
(E +m)(E′ +m)
)
+
(
((∇ΦG)S · p)
E +m
+
((∇ΦG)S · p′)
E′ +m
)
∓
{
(σ∗ ·∇ΦG)S
(
1− (p · p
′)
(E +m)(E′ +m)
)
+
σ∗ · p
E +m
(
(∇tΦG)S +
((∇ΦG)S · p′)
E′ +m
)
+
σ∗ · p′
E +m
(
(∇tΦG)S +
((∇ΦG)S · p)
E +m
)}
+ iσ∗ ·
[
(∇tΦG)S (p× p′)
(E +m)(E′ +m)
−
(
((∇ΦG)S × p)
E +m
− ((∇ΦG)S × p
′)
E′ +m
)]
± i (∇ΦG)S · (p× p
′)
(E +m)(E′ +m)
]
. (47)
Therefore, from using (45) and (47), it follows that the relevant transition matrix element for the Majorana neutrino
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is
〈W1(2)(p′)|HΦG |W1(2)(p)〉Maj. = 〈U(p′)|HΦG |U(p)〉Dirac
+
√
E +m
2E
√
E′ +m
2E′
{
iσ ·
[
(∇tΦG)S (p× p′)
(E +m)(E′ +m)
−
(
((∇ΦG)S × p)
E +m
− ((∇ΦG)S × p
′)
E′ +m
)]
− iσyˆ
[
(∇tΦG)S (p× p′)yˆ
(E +m)(E′ +m)
−
(
((∇ΦG)S × p)yˆ
E +m
− ((∇ΦG)S × p
′)
yˆ
E′ +m
)]
∓
[(
1− (p · p
′)
(E +m)(E′ +m)
)[
(σ ·∇ΦG)S − σyˆ (∇yΦG)S
]
+
(
(∇tΦG)S +
((∇ΦG)S · p′)
E′ +m
) (
σ · p− σyˆ pyˆ)
E +m
+
(
(∇tΦG)S +
((∇ΦG)S · p)
E +m
) (
σ · p′ − σyˆ p′yˆ)
E′ +m
]}
, (48)
and when integrated over all phase space, the Majorana matrix element is then
〈ψ1(2)(r)|HΦG |ψ1(2)(r)〉Maj. = 〈ψ(r)|HΦG |ψ(r)〉Dirac −
1
(2π)3
∫
d3r′ d3k d3k′ ξ(k) ξ(k′)
√
E +m
2E
√
E′ +m
2E′
×
{
sin
[
(k − k′) · r′]
[
〈±|σ|∓〉 ·
[
~
2 (∇tΦG)S
(
k × k′)
(E +m)(E′ +m)
−
(
~ ((∇ΦG)S × k)
E +m
− ~
(
(∇ΦG)S × k′
)
E′ +m
)]
− 〈±|σ|∓〉yˆ
[
~
2 (∇tΦG)S
(
k × k′)yˆ
(E +m)(E′ +m)
−
(
~ ((∇ΦG)S × k)yˆ
E +m
− ~
(
(∇ΦG)S × k′
)yˆ
E′ +m
)]]
± cos [(k − k′) · r′] 〈±|
[(
1− ~
2
(
k · k′)
(E +m)(E′ +m)
)[
(σ ·∇ΦG)S − σyˆ (∇yΦG)S
]
+ ~
(
(∇tΦG)S +
~
(
(∇ΦG)S · k′
)
E′ +m
) (
σ · k − σyˆ kyˆ
)
E +m
+ ~
(
(∇tΦG)S +
~ ((∇ΦG)S · k)
E +m
) (σ · k′ − σyˆ k′yˆ)
E′ +m

 |∓〉

 .
(49)
Immediately, we can recognize that the Majorana matrix element (49) departs significantly in form compared to
its Dirac counterpart (33). Although a more detailed analysis follows later in this paper, it is already clear that the
outcome of using a self-conjugate spinor is to induce a frame-dependent expression which favours the y-direction.
This comes from the presence of the σyˆ Pauli matrices in |νcL〉 and |νcR〉, which contribute exclusively to (47). Indeed,
if we tag σyˆ in (42a) and (42b) with a parameter ǫ, then (47) is of order ǫ2 and vanishes in the limit ǫ → 0, leaving
only (45) to contribute to (49), as expected.
The Dirac matrix element (33) and the corresponding Majorana version (49) for |W1〉Maj.± are the two physically
relevant cases that we consider exclusively for the rest of this paper. However, for the sake of completeness, we also
briefly examined the matrix element for a transition from |W1〉Maj.± to |W2〉Maj.± . To do this, we need the transition
from the conjugate right-handed two-component spinor to the left-handed (conjugate left-handed to right-handed)
11
expression, where we obtain
〈νL(R)(p′)|HΦG |νcR(L)(p)〉 =
1
2
√
E +m
2E
√
E′ +m
2E′
[[
(σ ×∇ΦG)yˆS − i (∇yΦG)S
](
1− (p · p
′)
(E +m)(E′ +m)
)
+ σyˆ
(∇ΦG)S · (p× p′)
(E +m)(E′ +m)
+
[
(σ × p)yˆ − ipyˆ
]
E +m
(
(∇tΦG)S +
((∇ΦG)S · p′)
E′ +m
)
+
[
(σ × p′)yˆ − ip′yˆ
]
E′ +m
(
(∇tΦG)S +
((∇ΦG)S · p)
E +m
)
±
{[
(∇tΦG)S (p× p′)yˆ
(E +m)(E′ +m)
−
(
((∇ΦG)S × p)yˆ
E +m
− ((∇ΦG)S × p
′)
yˆ
E′ +m
)]
+ i
[
(∇tΦG)S [σ × (p× p′)]yˆ
(E +m)(E′ +m)
−
(
[σ × ((∇ΦG)S × p)]yˆ
E +m
− [σ × ((∇ΦG)S × p
′)]
yˆ
E′ +m
)]
+ iσyˆ
[
(∇tΦG)S
(
1 +
(p · p′)
(E +m)(E′ +m)
)
+
(
((∇ΦG)S · p)
E +m
+
((∇ΦG)S · p′)
E′ +m
)]}]
. (50)
Therefore, it follows that the Majorana transition matrix element from (44a) to (44b) is
〈W2(p′)|HΦG |W1(p)〉Maj. =
− i
√
E +m
2E
√
E′ +m
2E′
[
(∇tΦG)S [σ × (p× p′)]yˆ
(E +m)(E′ +m)
−
(
[σ × ((∇ΦG)S × p)]yˆ
E +m
− [σ × ((∇ΦG)S × p
′)]
yˆ
E′ +m
)]
− i
√
E +m
2E
√
E′ +m
2E′
[
(∇yΦG)S
(
1− (p · p
′)
(E +m)(E′ +m)
)
+
(
(∇tΦG)S +
((∇ΦG)S · p′)
E′ +m
)
pyˆ
E +m
+
(
(∇tΦG)S +
((∇ΦG)S · p)
E +m
)
p′yˆ
E′ +m
]
−
√
E +m
2E
√
E′ +m
2E′
[
(∇tΦG)S (p× p′)yˆ
(E +m)(E′ +m)
−
(
((∇ΦG)S × p)yˆ
E +m
− ((∇ΦG)S × p
′)
yˆ
E′ +m
)]
. (51)
What is most surprising about this result is that a real and non-trivial contribution survives due to its first three
terms in (51). This is because they are both antisymmetric under the interchange of p and p′ with an overall factor
of i, which when multiplied by exp
[
i
(
k − k′) · r′] and integrated over all phase space, yields a real contribution that
comes from sin
[(
k − k′) · r′] in the integrand, as demonstrated in (49).
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IV. EVALUATION OF THE GRAVITATIONAL PHASE MATRIX ELEMENT
A. Formalism
To evaluate the Dirac and Majorana matrix elements (33) and (49), respectively, we make use of spherical symmetry
to integrate over phase space in terms of spherical polar co-ordinates. Then the wave number k is expressed in the
standard form
kxˆ = k sinλ cosµ, kyˆ = k sinλ sinµ, kzˆ = k cosλ, (52)
where λ and µ cover the unit sphere and k goes from zero to infinity. Since we want to determine gravitational
corrections to the neutrino oscillation length in terms of neutrino mass, we proceed to expand (33) and (49) by power
series in m, up to second order. The next step is to integrate over all the position and momentum space angles.
From a first impression, this seems like a formidable challenge considering that the plane wave term exp [ik · r′] is
angle-dependent. Fortunately, this problem can be circumvented by employing the Rayleigh plane wave expansion
[32]
eik·r
′
= 4 π
∞∑
l=0
l∑
m=−l
il jl (k r
′)Y ∗lm (λ, µ) Ylm (θ, ϕ) , (53)
where jl (k r
′) are the spherical Bessel functions and Ylm are the spherical harmonics for angles in position and
momentum space. Since the angles in (33) and (49) are expressed as polynomials of sinusoidal functions, they can be
expressed as a series expansion of spherical harmonics to take advantage of their orthogonality relations. It follows
that the series expansions truncate by virtue of the orthogonality conditions and the integrations over angles are
performed exactly for both the Dirac and Majorana matrix elements.
For the final integrations to evaluate, we first proceed to integrate over k, in which the integrals take the general
form
Qc(n) =
∫ ∞
0
exp
[
− (k − k0)
2
4 σ2p
]
cos(k r′) kn dk, (54)
Qs(n) =
∫ ∞
0
exp
[
− (k − k0)
2
4 σ2p
]
sin(k r′) kn dk, (55)
where k0 ≡ |k0| and n is an integer with −2 ≤ n ≤ 2. All details related to evaluation of (54) and (55) are contained
in Appendix A, while the non-trivial radial integrals which remain are listed in Appendix B. For future reference, the
width of the wave packet is expressed in terms of the dimensionless parameter q ≡ k0/σp, and the neutrino mass is
now in units of its mean momentum, such that we have the dimensionless quantity m¯ ≡ m/(~ k0)≪ 1.
B. Dirac and Majorana Matrix Elements
For evaluating (33), we obtain the expression
〈ψ(r)|HΦG |ψ(r)〉Dirac = (~ k0)
{
M
r
[
C0 + C1 m¯+ C2 m¯
2
]
+
MΩR2
r2
sin θ
[
D0 +D1 m¯+D2 m¯
2
]}
, (56)
for the Dirac matrix element, where
Cj =
∫ ∞
R
C˜j(r
′) dr′, Dj =
∫ ∞
R
D˜j(r
′) dr′ (57)
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are dimensionless functions dependent on q, k0, R, and r. The integrands for (57) in terms of (54) and (55) are
C˜0(r
′) =
√
2
π3
(
q
k0
)3{
− 3 r
k0 r′
[Qc(1)Qc(2) +Qs(1)Qs(2)]
+
r
k0 r′2
[3Qc(2)Qs(0) + 5Qc(1)Qs(1)]− 5 r
k0 r′3
Qs(0)Qs(1)
}
, (58a)
C˜1(r
′) =
1
2
√
2
π3
(
q
k0
)3 { r
r′
[
Qc(1)
2 −Qs(1)2 + 3Qc(0)Qc(2)− 3Qs(0)Qs(2)
]
− r
r′2
[3Qc(2)Qs(−1) + 5Qc(0)Qs(1)] + r
r′3
[
5Qs(−1)Qs(1)−Qs(0)2
]}
, (58b)
C˜2(r
′) =
1
8
√
2
π3
(
q
k0
)3{
k0 r
r′
[3Qc(−1)Qc(2)− 7Qc(0)Qc(1) + 3Qs(−1)Qs(2)− 7Qs(0)Qs(1)]
− k0 r
r′2
[3Qc(0)Qs(0)− 5Qc(−1)Qs(1)− 3Qc(2)Qs(−2) + 5Qc(1)Qs(−1)]
}
. (58c)
D˜0(r
′) =
1
15
√
2
π3
(
q
k0
)3{
12 r2
k0 r′2
[Qc(1)Qs(2) +Qc(2)Qs(1)]
− 4 r
2
k0 r′3
[
2Qc(1)
2 + 3Qc(0)Qs(2) + 3Qs(1)
2
]
+
16 r2
k0 r′4
Qc(1)Qs(0)− 8 r
2
k0 r′5
Qs(0)
2
}
, (58d)
D˜1(r
′) =
1
15
√
2
π3
(
q
k0
)3{
−6 r
2
r′2
[Qc(0)Qs(2)−Qc(2)Qs(0)]
+
2 r2
r′3
[4Qc(0)Qc(1) + 3Qs(−1)Qs(2)− 3Qs(0)Qs(1)]
− 8 r
2
r′4
[Qc(0)Qs(0) +Qc(1)Qs(−1)] + 8 r
2
r′5
Qs(−1)Qs(0)
}
, (58e)
D˜2(r
′) =
1
30
√
2
π3
(
q
k0
)3{
−3 k0 r
2
r′2
[Qc(−1)Qs(2)−Qc(0)Qs(1)−Qc(1)Qs(0) +Qc(2)Qs(−1)]
+
k0 r
2
r′3
[
4Qc(−1)Qc(1)− 4Qc(0)2 + 3Qs(−2)Qs(2)− 3Qs(0)2
]
− 4 k0 r
2
r′4
[Qc(−1)Qs(0)− 2Qc(0)Qs(−1) +Qc(1)Qs(−2)]
+
4 k0 r
2
r′5
[
Qs(−2)Qs(0)−Qs(−1)2
]}
. (58f)
Substitution of (54) and (55) into (58a)–(58f) followed by the radial integration then leads to explicit expressions of
Cj and Dj , which are found in Appendix C.
Similarly for the Majorana matrix element, we obtain from (49) the expression
〈ψ1(2)(r)|HΦG |ψ1(2)(r)〉Maj. = (~ k0)
{
M
r
[
C0 + C1 m¯+ C2 m¯
2
]
± sin θ sinϕ
[
M
r
〈±|σ|∓〉yˆ [C0yˆ + C1yˆ m¯+ C2yˆ m¯2]+ MΩR2
r2
〈±|σ|∓〉xˆ [D0xˆ +D1xˆ m¯+D2xˆ m¯2]
]}
,
(59)
where
Cjyˆ =
∫ ∞
R
C˜jyˆ(r
′) dr′, Djxˆ =
∫ ∞
R
D˜jxˆ(r
′) dr′ (60)
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and
C˜0yˆ(r
′) =
1
3 π2
(
q
k0
)3{
r
k0 r′
[Qc(1)Qc(2) +Qs(1)Qs(2)]
− r
k0 r′2
[Qc(2)Qs(0)−Qc(1)Qs(1)]− r
k0 r′3
Qs(0)Qs(1)
}
, (61a)
C˜1yˆ(r
′) =
1
6 π2
(
q
k0
)3 { r
r′
[
Qc(1)
2 −Qs(1)2 −Qc(0)Qc(2) +Qs(0)Qs(2)
]
+
r
r′2
[Qc(2)Qs(−1)−Qc(0)Qs(1)] + r
r′3
[
Qs(−1)Qs(1)−Qs(0)2
]}
, (61b)
C˜2yˆ(r
′) =
1
24 π2
(
q
k0
)3{
−k0 r
r′
[3Qc(0)Qc(1) + 3Qs(0)Qs(1) +Qc(−1)Qc(2) +Qs(−1)Qs(2)]
+
k0 r
r′2
[−Qc(−1)Qs(1)−Qc(0)Qs(0) +Qc(1)Qs(−1) +Qc(2)Qs(−2)]
+
k0 r
r′3
[Qs(−2)Qs(1) + 3Qs(−1)Qs(0)]
}
, (61c)
D˜0xˆ(r
′) =
2
15
√
2
π3
(
q
k0
)3{
r3
k0 r′3
[Qc(1)Qc(2)−Qs(1)Qs(2)]
− r
3
k0 r′4
[Qc(2)Qs(0) + 4Qc(1)Qs(1)] +
8 r3
k0 r′5
Qs(0)Qs(1)
}
, (61d)
D˜1xˆ(r
′) =
1
15
√
2
π3
(
q
k0
)3{
− r
3
r′3
[
Qc(0)Qc(2) + 3Qc(1)
2 +Qs(0)Qs(2)−Qs(1)2
]
+
r3
r′4
[4Qc(0)Qs(1) + 3Qc(1)Qs(0) +Qc(2)Qs(−1)]
− 4 r
3
r′5
Qs(−1)Qs(1)
}
, (61e)
D˜2xˆ(r
′) =
1
60
√
2
π3
(
q
k0
)3{
k0 r
3
r′3
[−Qc(−1)Qc(2) + 13Qc(0)Qc(1) +Qs(−1)Qs(2) + 3Qs(0)Qs(1)]
− k0 r
3
r′4
[−4Qc(−1)Qs(1) + 7Qc(0)Qs(0) + 10Qc(1)Qs(−1)−Qc(2)Qs(−2)]
− 4 k0 r
3
r′5
[Qs(−2)Qs(1)−Qs(−1)Qs(0)]
}
. (61f)
The final expressions for Cjyˆ and Djxˆ are also listed in Appendix C.
Even at the matrix element level, we notice that the expressions (56) and (59) for the Dirac and Majorana neutrinos,
respectively, have fundamental properties worth noting. Regarding the Dirac matrix element, we identify the Cj and
Dj in (56) as the spin-diagonal and spin-flip structure functions for j = 0, 1, 2, since Cj is coupled to M/r and Dj is
coupled to MΩR2/r2. The fact that sin θ is also coupled to the spin-flip terms clearly indicates that only terms with
the z-component of (34) contribute to the matrix element. This leads to an obvious interpretation that rotational
inertia from the Lense-Thirring metric induces the helicity to flip for any neutrino propagation that is not along
the source’s axis of symmetry. The effect is analogous to that of an inhomogeneous magnetic field which forces the
particle’s spin to flip. Perhaps most importantly of all, (56) has terms which are linear in m¯, which come from
the normalization coefficient
√
(E +m)/(2E) in |U(k)〉Dirac. This property becomes most relevant when considering
gravitational corrections to neutrino oscillations.
As for the Majorana matrix element (59), it shares the same type of properties as found in (56), but with obvious
differences. First, while the spin-diagonal terms Cj are common to both matrix elements, the remaining terms have an
overall factor of sin θ sinϕ, corresponding to the y-component of the neutrino beam. This is a direct consequence of the
Majorana neutrino’s self-conjugation condition, since the charge conjugation operation has σyˆ present in its definition
[8], and suggests a preferred direction orthogonal to the source’s symmetry axis. However, this is inconsistent with
the fact that the Lense-Thirring metric is axisymmetric, and implies that the ϕ-dependence on (59) is purely due to
how we defined the co-ordinate axes beforehand. Since the physics should be unaffected by the choice of co-ordinates
to identify points in space, we need to remove this artificially induced anisotropy by averaging over a complete cycle.
Second, it is unusual to note that the spin-flip parts of (59) are dependent on the x- and y-components of (34), in
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contrast to the z-component for the Dirac neutrino. The fact that the two remaining components decouple so cleanly
from the integration indicates a reflection of some fundamental property of the Majorana wave packet when it interacts
gravitationally. Most interestingly is the fact that a spin-flip term still contributes to the Majorana matrix element
when Ω → 0, which is not true for the Dirac counterpart. This again follows naturally from the self-conjugation
property of Majorana neutrinos, though it appears counterintuitive for such terms to appear as written.
V. GRAVITATIONAL EFFECTS ON NEUTRINO OSCILLATION LENGTH AND ABSOLUTE
NEUTRINO MASSES
In order to determine the observable consequences of (56) and (59), we need to obtain the perturbation energy
which follows from these matrix elements. To demonstrate this explicitly, we make use of the Brillouin-Wigner (BW)
method [33] of time-independent perturbation theory commonly used in the context of condensed matter physics, as
opposed to the more well-known Rayleigh-Schro¨dinger (RS) method [34] we adopted in the previous investigation of
this problem [12]. In general form, the perturbed energy eigenvalue following the BW method is
E = E
(n)
0 + 〈n|Hint. |n〉+
∑
m 6=n
|〈m|Hint. |n〉|2
E − E(m)0
+
∑
m1,m2 6=n
〈n|Hint. |m1〉 〈m1|Hint. |m2〉 〈m2|Hint. |n〉(
E − E(m1)0
)(
E − E(m2)0
) + · · · , (62)
where Hint. is the interaction Hamiltonian, |n〉 is the unperturbed eigenstate, and E(n)0 is its associated energy
eigenvalue. Although the perturbed eigenvalues from the BW method are generally less accessible than from the
RS method, given the presence of E in the denominator for the second- and higher-order terms in the perturbation
expansion, for the special case of a second-order expansion for a two-level system, the perturbed energy eigenvalues
can be obtained exactly, which is not possible to achieve with the RS method. For this investigation, having a way to
precisely determine the mass-induced energy difference for a two-neutrino system is extremely useful for accurately
predicting the effects of spin-gravity coupling on the neutrino oscillation length.
To determine the corrections to the known neutrino oscillation length due to gravitation, we need to first obtain the
unperturbed energy eigenvalue E
(±)
0 from the zeroth-order part of the Hamiltonian H0. Given (11), it follows that
H0 |ψ0(r)〉 = E(±)0 |ψ0(r)〉 , (63)
where
E
(±)
0 ≈
√
(~ k0)2 +m2 − 2M
r
(~ k0) +
4
5
MΩR2
r3
(
Lzˆ ± ~
2
)
≈ (~ k0)
[(
1− 2M
r
)
+
1
2
m¯2
]
+
4
5
MΩR2
r3
(
Lzˆ ± ~
2
)
, (64)
and Lzˆ is the orbital angular momentum along the gravitational source’s axis of rotation.
It is clear from (64) that the unperturbed part of the Dirac Hamiltonian cannot generate any gravitational cor-
rections to the neutrino oscillation length, since the mass-dependent part of E
(±)
0 is not coupled to the gravitational
potential. However, the situation is different with the introduction of the interaction Hamiltonian HΦG given by (39).
Following (62) and introducing for convenience (with a slight abuse of notation) the unperturbed mass eigenstates
|±〉 ≡


(|νL〉+ |νR〉)± (Dirac),
(|νL〉+ |νcL〉)± (Majorana),
(65)
it is shown that the second-order perturbed energy E
(±)
m¯ is
E
(±)
m¯ = E
(±)
0 + 〈±|HΦG |±〉+
|〈∓|HΦG |±〉|2
E
(±)
m¯ − E(∓)0
. (66)
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As stated earlier, this expression can be solved exactly for E
(±)
m¯ , leading to
E
(±)
m¯ =
1
2
{[(
E
(±)
0 + E
(∓)
0
)
+ 〈±|HΦG |±〉
]
+
√[(
E
(±)
0 + E
(∓)
0
)
+ 〈±|HΦG |±〉
]2
− 4
[(
E
(±)
0 + 〈±|HΦG |±〉
)
E
(∓)
0 − |〈∓|HΦG |±〉|2
]}
, (67)
which reduces to E
(±)
0 in the limit as HΦG → 0.
A. Dirac Neutrinos
For the case of Dirac neutrinos, the matrix elements to evaluate (67) are
〈±|HΦG |±〉 = (~ k0)
M
r
[
C0 + C1 m¯+ C2 m¯
2
]
, (68a)
〈∓|HΦG |±〉 = (~ k0)
MΩR2
r2
sin θ
[
D0 +D1 m¯+D2 m¯
2
]
. (68b)
Upon substitution into (67) and after performing a power series expansion with respect to m¯, it is shown that the
perturbed energy is
E
(±)
m¯ =
4
5
MΩR2
r3
Lzˆ + (~ k0)
[(
1− 2M
r
)
+
1
2
m¯2
]
+ (~ k0)
[(
FDirac0
)
+
(
FDirac1
)
m¯+
(
FDirac2
)
m¯2
]
, (69)
where
FDirac0 =
1
2
[
C0
(
M
r
)
+
1
5
(
∆±
k0 r
)]
, (70a)
FDirac1 =
1
2
[
C1
(
M
r
)
+
(
Ω±
∆±
)]
, (70b)
FDirac2 =
1
2

C2
(
M
r
)
+
1
2

( χ±
∆±
)
− 5 (k0 r)
(
Ω±
∆
3/2
±
)2

 , (70c)
ΩDirac± = 5 (k0 r)
[
C0 C1
(
M
r
)2
+ 4 sin2 θ D0D1
(
MΩR2
r2
)2]
± 4C1
(
M
r
)(
MΩR2
r2
)
, (70d)
χDirac± = 5 (k0 r)
[(
C21 + 2C0 C2
)(M
r
)2
+ 4 sin2 θ
(
D21 + 2D0D2
)(MΩR2
r2
)2]
± 8C2
(
M
r
)(
MΩR2
r2
)
, (70e)
(
∆Dirac±
)2
= 25 (k0 r)
2C20
(
M
r
)2
+
[
16 + 100 (k0r)
2 sin2 θD20
](MΩR2
r2
)2
± 40 (k0 r)C0
(
M
r
)(
MΩR2
r2
)
. (70f)
This leads [8, 35] to the final expression for the neutrino oscillation length Losc. = 2π/
(
E
(±)
m¯2 − E(±)m¯1
)
, where
E
(±)
m¯2 − E(±)m¯1 = (~ k0)
[(
FDirac1
)
(m¯2 − m¯1) +
(
FDirac2 +
1
2
)(
m¯22 − m¯21
)]
. (71)
It is worth emphasizing again that (71) is formally an exact expression, up to second order in m¯, for the mass-
dependent perturbation energy difference, and all plots presented for the Dirac neutrino case are based on (69)–(70f).
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Nonetheless, given that both M/r ≪ 1 and MΩR2/r2 ≪ 1 for all numerical analyses considered, it is worthwhile to
determine the leading order contributions to the mass-dependent energy difference. Therefore, it is shown that
E
(±)
m¯ ≈
4
5
MΩR2
r3
Lzˆ + (~ k0)
[(
1− 2M
r
)
+
1
2
m¯2
]
+ (~ k0)
M
r
[(
GDirac0(±)
)
+
(
GDirac1(±)
)
m¯+
(
GDirac2(±)
)
m¯2
]
+ (~ k0)
MΩR2
r2
[(
KDirac0
)
+
(
KDirac1
)
m¯+
(
KDirac2
)
m¯2
]
, (72)
E
(±)
m¯2 − E(±)m¯1 ≈ (~ k0)
[
1
2
(
m¯22 − m¯21
)
+
[
M
r
(
GDirac1(±)
)
+
MΩR2
r2
(
KDirac1
)]
(m¯2 − m¯1) +
[
M
r
(
GDirac2(±)
)
+
MΩR2
r2
(
KDirac2
)] (
m¯22 − m¯21
)]
,
(73)
where
GDirac0(±) =
(
1
2
± 1
Λ
)
C0, (74a)
GDirac1(±) =
1
2
C1 ± 2
Λ
[
C1 − 50
(
k0 r
Λ
)2
sin2 θ C0D0D1
]
, (74b)
GDirac2(±) =
1
2
C2 ± 1
Λ
[
C2 − 25
2
(
k0 r
Λ
)2
sin2 θ
[
C0
(
D21 + 2D0D2
)
+ 2C1D0D1
− 75
(
k0 r
Λ
)2
sin2 θ C0D
2
0 D
2
1
]]
, (74c)
KDirac0 =
1
5
(
Λ
k0 r
)
, (74d)
KDirac1 = 5
(
k0 r
Λ
)
sin2 θD0D1, (74e)
KDirac2 =
5
2
(
k0 r
Λ
)
sin2 θ
[(
D21 +D0D2
)− 25(k0 r
Λ
)2
sin2 θ D20D
2
1
]
, (74f)
(
ΛDirac
)2
= 4 + 25 (k0 r)
2 sin2 θD20. (74g)
The explicit expression for the leading-order gravitational corrections to the mass-induced energy difference (73)
can be grouped into two categories, namely the special case where θ = 0, π, followed by observations off the axis of
symmetry where θ 6= 0, π. For the first case, it is readily shown that
GDirac1(±) = ±
1
2
C1, (75a)
GDirac2(±) =
1
2
(1± 1)C2, (75b)
KDirac1 = K
Dirac
2 = 0, θ = 0, π (75c)
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where
C1 =
√
2
π3
r
R
{( r
R
− 1
) [( r
R
+ 1
)
µ−3 − 10µ−2
]
e−q
2/2 e−[k0(r−R)/q]
2
+
[
−1
2
(
q2 − 12π q + 8) ln( r
R
)
e−q
2/2 e−[k0(r−R)/q]
2
+ 8π
(
1− 2 cos2 (k0R)
)
e−2(k0R/q)
2
+ 10
√
π sin (k0R) e
−q2/4 e−(k0R/q)
2
]
µ−1
+
[
q (11 q − 6π) e−q2/2 − 8π q cos (k0R) sin (k0R) e−2(k0R/q)
2
− √π [(11 q − 6π) cos (k0R) + 10 sin (k0R)] e−q
2/4 e−(k0R/q)
2
]}
+O (µ) , (76a)
C2 =
√
2
π3
r
R
{[
3π
2
( r
R
− 1
)
q µ−2 +
1
8
(
6π q2 − q + 2π) ln ( r
R
)
µ−1
]
e−q
2/2 e−[k0(r−R)/q]
2
− 3
√
π3
2
sin (k0R) q µ
−1 e−q
2/4 e−(k0R/q)
2
+
1
16
[
q
(
27 q2 − 24π q + 2)+ 20π] q e−q2/2
+
3
√
π3
4
[2 cos (k0r)− sin (k0r)] e−q
2/4 e−(k0R/q)
2
}
+O (µ) . (76b)
For the case when θ 6= 0, π, it can be shown that
GDirac1(±) ≈
1
2
C1 ± 2
5
1
sin θ
X1
(k0r)
, (77a)
GDirac2(±) ≈
1
2
C2 ± 1
5
1
sin θ
X2
(k0r)
, (77b)
KDirac1 ≈ sin θD1, (77c)
KDirac2 ≈
1
2
sin θD2, θ 6= 0, π (77d)
where
D1 =
√
2
π3
r2
R2
{
−8
5
[
ln
( r
R
)
q µ−2 − (q + π)µ−1
]
e−q
2/2 e−[k0(r−R)/q]
2
− 8
√
π
5
cos (k0R)µ
−1 e−q
2/4 e−(k0R/q)
2
+
1
15
[
9 q + 20π e−[k0(r−R)/q]
2
]
e−q
2/2 − 8π
5
q e−2(k0R/q)
2
−
√
π
5
[8 cos (k0R) + 4 (3 q + 2π) sin (k0R)] e
−q2/4 e−(k0R/q)
2
}
+O (µ) , (78a)
D2 =
√
2
π3
r2
R2
{
1
5
[
ln
( r
R
)
(2π q − 1) q µ−2 − (π q − 1)µ−1
]
e−q
2/2 e−[k0(r−R)/q]
2
+
1
5
[
q2 e−q
2/2 + 2
√
π3 cos (k0R) e
−q2/4 e−(k0R/q)
2
]
q µ−1
− 8
√
π
5
cos (k0R)µ
−1 e−q
2/4 e−(k0R/q)
2
+
1
120
[
5 q (3 q + 4π)− 6 e−[k0(r−R)/q]2
]
q e−q
2/2
+
√
π
5
[q cos (k0R)− 2 sin (k0R)] q e−q
2/4 e−(k0R/q)
2
}
+O (µ) , (78b)
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and
X1 =
1
D20
[C1D0 − 2C0D1] ≈ − 5
32
(
1 +
R
r
)
q, (79a)
X2 =
C0
D30
[
D21 −D0D2
]
+
1
D20
[C2D0 − C1D1]
≈ R
r
[
5
256
(
r/R+ 1
r/R− 1
)
q3 (6π q − 1) ln
( r
R
)
− 15
64
π q2
]
µ. (79b)
B. Majorana Neutrinos
When performing the same calculation for Majorana neutrinos, some care has to be taken for evaluating the spin-flip
part of the matrix element, since it has an explicit dependence on ϕ. That is,
〈∓|HΦG |±〉 =
± (~ k0) sin θ sinϕ
{
M
r
〈±|σ|∓〉yˆ [C0yˆ + C1yˆ m¯+ C2yˆ m¯2]+ MΩR2
r2
〈±|σ|∓〉xˆ [D0xˆ +D1xˆ m¯+D2xˆ m¯2]
}
= ± (~ k0) sin θ sinϕ
{
cos θ
[
sinϕ
(
M
r
)[
C0yˆ + C1yˆ m¯+ C2yˆ m¯
2
]
+ cosϕ
(
MΩR2
r2
)[
D0xˆ +D1xˆ m¯+D2xˆ m¯
2
]]
= ± i
[
cosϕ
(
M
r
)[
C0yˆ + C1yˆ m¯+ C2yˆ m¯
2
]− sinϕ(MΩR2
r2
)[
D0xˆ +D1xˆ m¯+D2xˆ m¯
2
]]}
. (80)
Because the Lense-Thirring metric is axisymmetric, the ϕ-dependence in (80) needs to be averaged over a complete
rotation to remove this unphysical anisotropy in the azimuthal direction. Therefore, by setting
|〈∓|HΦG |±〉|2 →
1
2π
∫ 2π
0
|〈∓|HΦG |±〉|2 dϕ, (81)
it follows that
|〈∓|HΦG |±〉|2 =
1
2
(~ k0)
2 sin2 θ
[(
1− 3
16
sin2 θ
)(
M
r
)2 [
C0yˆ + C1yˆ m¯+ C2yˆ m¯
2
]2
+
(
1− 1
16
sin2 θ
)(
MΩR2
r2
)2 [
D0xˆ +D1xˆ m¯+D2xˆ m¯
2
]2]
. (82)
Following the same procedure as performed for the Dirac neutrino, the perturbed energy eigenvalue for the Majorana
neutrino is
E
(±)
m¯ =
4
5
MΩR2
r3
Lzˆ + (~ k0)
[(
1− 2M
r
)
+
1
2
m¯2
]
+ (~ k0)
[(
FMaj.0
)
+
(
FMaj.1
)
m¯+
(
FMaj.2
)
m¯2
]
, (83)
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where
FMaj.0 =
1
2
[
C0
(
M
r
)
+
1
20
(
∆±
k0 r
)]
, (84a)
FMaj.1 =
1
2
[
C1
(
M
r
)
+
(
Ω±
∆±
)]
, (84b)
FMaj.2 =
1
2

C2
(
M
r
)
+
1
2

( χ±
∆±
)
− 20 (k0 r)
(
Ω±
∆
3/2
±
)2

 , (84c)
ΩMaj.± =
5
2
(k0 r)
{[
8C0 C1 + sin
2 θ
(
3 cos2 θ + 13
)
C0yˆ C1yˆ
](M
r
)2
+ sin2 θ
(
cos2 θ + 15
)
D0xˆD1xˆ
(
MΩR2
r2
)2}
± 16C1
(
M
r
)(
MΩR2
r2
)
, (84d)
χMaj.± =
5
2
(k0 r)
{[
8
(
C21 + 2C0 C2
)
+ sin2 θ
(
3 cos2 θ + 13
) (
C21yˆ + 2C0yˆ C2yˆ
)](M
r
)2
+ sin2 θ
(
cos2 θ + 15
) (
D21xˆ + 2D0xˆD2xˆ
)(MΩR2
r2
)2}
± 32C2
(
M
r
)(
MΩR2
r2
)
, (84e)
(
∆Maj.±
)2
= 50 (k0 r)
2
[
8C20 + sin
2 θ
(
3 cos2 θ + 13
)
C20yˆ
](M
r
)2
+
[
256 + 50 (k0r)
2 sin2 θ
(
cos2 θ + 15
)
D20xˆ
] (MΩR2
r2
)2
± 640 (k0 r)C0
(
M
r
)(
MΩR2
r2
)
. (84f)
This leads to the corresponding oscillation length expression for Majorana neutrinos, where
E
(±)
m¯2 − E(±)m¯1 = (~ k0)
[(
FMaj.1
)
(m¯2 − m¯1) +
(
FMaj.2 +
1
2
)(
m¯22 − m¯21
)]
. (85)
Similarly, the leading order representation of (83) is
E
(±)
m¯ ≈
4
5
MΩR2
r3
Lzˆ + (~ k0)
[(
1− 2M
r
)
+
1
2
m¯2
]
+ (~ k0)
M
r
[(
GMaj.0(±)
)
+
(
GMaj.1(±)
)
m¯+
(
GMaj.2(±)
)
m¯2
]
+ (~ k0)
MΩR2
r2
[(
KMaj.0
)
+
(
KMaj.1
)
m¯+
(
KMaj.2
)
m¯2
]
, (86)
E
(±)
m¯2 − E(±)m¯1 ≈ (~ k0)
[
1
2
(
m¯22 − m¯21
)
+
[
M
r
(
GMaj.1(±)
)
+
MΩR2
r2
(
KMaj.1
)]
(m¯2 − m¯1) +
[
M
r
(
GMaj.2(±)
)
+
MΩR2
r2
(
KMaj.2
)] (
m¯22 − m¯21
)]
,
(87)
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where
GMaj.0(±) =
(
1
2
± 8
Λ
)
C0, (88a)
GMaj.1(±) =
1
2
C1 ± 8
Λ
[
C1 − 25
(
k0 r
Λ
)2
sin2 θ
(
cos2 θ + 15
)
C0D0xˆD1xˆ
]
, (88b)
GMaj.2(±) =
1
2
C2 ± 8
Λ
[
C2 − 25
(
k0 r
Λ
)2
sin2 θ
(
cos2 θ + 15
) [
C0
(
D21xˆ + 2D0xˆD2xˆ
)
+ 2C1D0xˆD1xˆ
− 150
(
k0 r
Λ
)2
sin2 θ
(
cos2 θ + 15
)
C0D
2
0xˆD
2
1xˆ
]]
, (88c)
KMaj.0 =
1
40
(
Λ
k0 r
)
, (88d)
KMaj.1 =
5
4
(
k0 r
Λ
)
sin2 θ
(
cos2 θ + 15
)
D0xˆD1xˆ, (88e)
KMaj.2 =
5
8
(
k0 r
Λ
)
sin2 θ
(
cos2 θ + 15
)[(
D21xˆ +D0xˆD2xˆ
)− 50(k0 r
Λ
)2
sin2 θ
(
cos2 θ + 15
)
D20xˆD
2
1xˆ
]
, (88f)
(
ΛMaj.
)2
= 256 + 50 (k0 r)
2 sin2 θ
(
cos2 θ + 15
)
D20xˆ. (88g)
As shown for the Dirac case, we can obtain the leading order contributions to (87). Again, we treat as a special
case the calculations where θ = 0, π, which leads to
GMaj.1(±) =
1
2
(1± 1)C1, (89a)
GMaj.2(±) =
1
2
(1± 1)C2, (89b)
KMaj.1 = K
Maj.
2 = 0, θ = 0, π. (89c)
When θ 6= 0, π, we can show that
GMaj.1(±) ≈
1
2
C1 ± 8
5
√
2
1
sin θ (cos2 θ + 15)1/2
Y1
(k0r)
, (90a)
GMaj.2(±) ≈
1
2
C2 ± 8
5
√
2
1
sin θ (cos2 θ + 15)
1/2
Y2
(k0r)
, (90b)
KMaj.1 ≈
1
4
√
2
sin θ
(
cos2 θ + 15
)1/2
D1xˆ, (90c)
KMaj.2 ≈
1
8
√
2
sin θ
(
cos2 θ + 15
)1/2
D2xˆ, θ 6= 0, π (90d)
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where
D1xˆ =
√
2
π3
r3
R3
{
− 1
15
[
12 ln
( r
R
)
µ−3 − 20µ−2 + (2π q + 11)µ−1 − 2
]
e−q
2/2 e−[k0(r−R)/q]
2
+
[
16π
15
cos2 (k0R) e
−2(k0R/q)
2 − 4
√
π
3
sin (k0R) e
−q2/4 e−(k0R/q)
2 − 8π
15
e−2(k0R/q)
2
+
1
30
q2 e−q
2/2
]
µ−1
− 2
45
(5 q − 2π) q e−q2/2 + 8π
15
cos (k0R) sin (k0R) q e
−2(k0R/q)
2
+
2
√
π
15
[10 sin (k0R) + (3 q − 2π) cos (k0R)] e−q
2/4 e−(k0R/q)
2
}
+O (µ) , (91a)
D2xˆ =
√
2
π3
r3
R3
{
1
15
[
π q µ−2 +
1
8
(5 q + 24π) q µ−1 − 5π
3
]
e−q
2/2 e−[k0(r−R)/q]
2
−
[√
π3
15
sin (k0R) q e
−q2/4 e−(k0R/q)
2
+
π
60
q2 e−q
2/2
]
µ−1
− 1
360
(
9 q2 − 44) q2 e−q2/2 − 4π
15
cos (k0R) sin (k0R) q e
−2(k0R/q)
2
−
√
π
30
[
q2 sin (k0R) + 10 q cos (k0R)
]
e−q
2/4 e−(k0R/q)
2
}
+O (µ) , (91b)
and
Y1 =
1
D20xˆ
[
C1D0xˆ − 1
2
C0D1xˆ
]
≈ −105
32
(
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ln (r/R)
, (92a)
Y2 =
C0
D30xˆ
[
D21xˆ −D0xˆD2xˆ
]
+
1
D20xˆ
[C2D0xˆ − C1D1xˆ] ≈ −45
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(
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ln (r/R)
. (92b)
C. Analytic Comparison of Dirac and Majorana Neutrino Interactions due to Spin-Gravity Coupling
A complete numerical analysis of the main results presented here is contained in the next section. However, even
a preliminary formal analysis shows clear evidence that Dirac and Majorana neutrinos are distinguishable due to the
presence of spin-gravity coupling. Focussing on (75) and (89) for now, we notice that when the neutrino beam is
directed along the axis of symmetry it follows that KDiracj and K
Maj.
j are identically zero, implying that the helicity
states are unaffected along θ = 0, π. For neutrinos with negative initial helicity, both GDirac2 and G
Maj.
2 are also
identically zero, while there remains a non-zero contribution of GDirac1 = −C1/2 which does not exist for GMaj.1 .
When considering neutrino beams off the axis of symmetry, it becomes obvious from (77) and (90) that there
are significant differences in θ-dependence which appear, along with relatively trivial differences in the coefficients.
Furthermore, it follows that KDiracj are proportional to Dj, which in turn have an overall dependence of (r/R)
2 from
(78a) and (78b). In contrast, KMaj.j are proportional to Djxˆ, which are shown by (91a) and (91b) to be dependent
on (r/R)3.
VI. NUMERICAL ANALYSIS
Having obtained the final analytic expressions for (71) and (85) for the Dirac and Majorana neutrinos, respectively,
we proceed to express them numerically for astrophysically relevant situations. This provides an opportunity to
determine the likelihood of observing gravitational corrections to the neutrino oscillation length. One obvious example
is to perform this analysis for neutrinos emitted from the Sun, while another is to use SN1987A as a test case for
comparison involving a known supernova source. These examples are considered separately below. Although it is
not obvious that these examples suggest any possibility of observing these effects, they offer interesting theoretical
insights about the physical behaviour of Dirac and Majorana neutrinos in a gravitational field.
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A. General Properties
Before going into detail about the examples considered below, it is worthwhile to discuss some of the general
properties of the plots common in both cases. All the plots presented below are generated based on the expressions
found in Appendix C. While the specific examples are, in principle, dependent on the value of the mean momentum,
it turns out that the plots are insensitive to any large variations of the choice of k0 considered. With this realized,
we present the plots assuming ~ k0 = 1 MeV throughout. In addition, while there is a formal difference between the
functions F−j and F
+
j for each of the cases considered due to the initial negative and positive helicity of the neutrino,
respectively, the actual numerical differences do not register on any of these plots, where at best we have a one part
in 1040 difference due to their initial helicity states.
B. Gravitational Effects on Neutrinos from the Sun
We begin with an analysis involving the Sun as the gravitational source. Given that [14] in geometric units
M =M⊙ = 1.48× 105 cm, R = 6.95× 1010 cm, and r = 214.8R = 1 A.U., it follows that M/r = 9.95× 10−14 for the
Sun. With the sidereal period of the Sun [36] equal to about 25.38 days, it also follows thatMΩR2/r2 = 3.07×10−16.
The expressions for dimensionless functions Cj and Cjyˆ are listed in Figure 2. We recall that Cj contribute to the
spin diagonal part of the matrix element coupled to M/r, while Cjyˆ for the Majorana neutrino contributes a spin-flip
part that is also coupled to M/r. For C0 and C0yˆ in Figures 2(a) and 2(b), respectively, they each have a single peak
located around q = 1, but are of opposite sign and C0yˆ is two orders of magnitude smaller in amplitude than C0.
The C1 and C1yˆ in Figures 2(c) and 2(d) behave in a similar fashion, with two exceptions in that they differ by only
one order of magnitude, and that C1 has a smaller peak that is positive-valued around q = 2. As for C2 and C2yˆ in
Figures 2(e) and 2(f), they each have some non-trivial structure to them. Both functions have main peaks which are
positive-valued at around 5× 10−1, where C2 is about two orders of magnitude larger than C2yˆ. However, Figure 2(e)
also has a smaller negative peak at q = 2 and an even smaller positive peak at around q = 3, while Figure 2(f) has a
slight shoulder at q = 3. All functions Cj and Cjyˆ rapidly decay to zero for q < 10
−2 and q > 5.
For the dimensionless functions Dj and Djxˆ with respect to q, they are presented in Figure 3. The first observation
of note is that their magnitudes are about two orders of magnitude larger than their counterparts for Cj and Cjyˆ . It
is especially interesting to observe that, contrary to the plots in Figure 2, the Djxˆ functions are one to two orders
of magnitude larger than the Dj. As well, Figures 3(d) and 3(f) which describe D1xˆ and D2xˆ, respectively, have
additional structure compared to D1 and D2 with the presence of a negative-valued peak at around q = 2. Like the
plots shown Figure 2, these plots are non-zero only in the range 10−2 . q . 5.
Using Figures 2 and 3, we can obtain numerical expressions for FDiracj and F
Maj.
j with the Sun as the gravitational
source. We begin with a comparison of F1 for Dirac and Majorana neutrinos presented in Figure 4, where Figures 4(a)
and 4(b) describe FDirac1 and F
Maj.
1 , respectively, for Ω 6= 0. It is evident from these first two plots that the gravitational
field can distinguish between Dirac and Majorana neutrinos, given the distinctive properties of their respective profiles.
From Figure 4(a), the plot is almost completely negative-valued with a single peak for each choice of θ in the range
of 10−1 . q . 1, while Figure 4(b) shows both a positive-valued peak in the same range of q and a negative-valued
peak around q = 2. The magnitude of the plots for both cases are on the order of 10−11. In addition, we have for
further comparison Figure 4(c), which describes FMaj.1 for Ω = 0. This has the interesting property of a non-trivial
profile with a single peak around q = 1 for different choices of θ and a magnitude on the order of 10−14. In contrast,
the magnitude of FDirac1 for Ω = 0 only reaches a maximum of 10
−20, which suggests that the rotational part of the
metric makes the dominant contribution to the predicted gravitational effects on the neutrino oscillation length.
A similar comparison of F2 for Dirac and Majorana neutrinos, as shown in Figure 5, is also interesting for a different
set of reasons. From Figure 5(a), it is evident that the magnitude of FDirac2 decreases as θ increases, which suggests
that the rotational part of the metric dampens the gravitational corrections to the quadratic mass term in the energy
difference due to neutrino mass. This effect does not appear as such for FMaj.2 in Figure 5(b). However, another
anomalous effect is present in the plots for small q behaviour, since the function does not vanish as q → 0, but appears
to asymptotically approach a finite and non-zero value on the order of 10−11. Although it is difficult to precisely
determine the cause of this behaviour, it does seem that the presence of rotation in the metric has a role in this effect.
Comparison with Figure 5(c), which describes FMaj.2 for Ω = 0, seems to confirm this interpretation, as the function
rapidly vanishes for q < 10−1 with a magnitude on the order of 10−14. Again, this is consistent with the results of
Figure 4(a), where the magnitude of FDirac2 for Ω = 0 is also around 10
−20.
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FIG. 2: Plots of dimensionless functions Cj and Cjyˆ with respect to q, where the Sun is the gravitational source. While both
Figures 2(a) and 2(b) peak at around q = 1, they are of opposite sign and C0yˆ is roughly two orders of magnitude smaller than
C0. Figures 2(c) and 2(d) also have opposite sign and peak at around q = 1, though their widths extend from 10
−2 to 1, and
C1yˆ is only one order of magnitude smaller than C1. Both Figures 2(e) and 2(f) have positive-valued peaks around q = 1 whose
widths range from 10−2 to 1. However, C2 displays a smaller peak of opposite sign not present in C2yˆ .
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FIG. 3: Plots of dimensionless functions Dj and Djxˆ with respect to q where the Sun is the gravitational source. In contrast to
C0 and C0yˆ of Figure 2, D0xˆ is an order of magnitude larger than D0, as shown in Figures 3(a) and 3(b). Similarly, Figures 3(c)
and 3(d) show that D1xˆ dominates over D1, this time by two orders of magnitude. This is also true for Figures 3(e) and 3(f).
26
10-3 10-2 10-1 100 101 102
-1.5×10-11
-1.0×10-11
-5.0×10-12
0.0
5.0×10-12
PSfrag replacements
q (dimensionless)
C0 (dimensionless)
C1 (dimensionless)
C2 (dimensionless)
C0yˆ (dimensionless)
C1yˆ (dimensionless)
C2yˆ (dimensionless)
D0 (dimensionless)
D1 (dimensionless)
D2 (dimensionless)
D0xˆ (dimensionless)
D1xˆ (dimensionless)
D2xˆ (dimensionless)
F
D
ir
a
c
1
(d
im
en
si
o
n
le
ss
)
FDirac2 (dimensionless)
FMaj.1 (dimensionless)
FMaj.2 (dimensionless)
θ = 0.5π
θ = 0.4π
θ = 0.3π
θ = 0.2π
θ = 0.1π
θ = 0
(a) FDirac1 (Sun)
10-3 10-2 10-1 100 101 102
-3.0×10-11
-2.0×10-11
-1.0×10-11
0.0
1.0×10-11
2.0×10-11
3.0×10-11
PSfrag replacements
q (dimensionless)
C0 (dimensionless)
C1 (dimensionless)
C2 (dimensionless)
C0yˆ (dimensionless)
C1yˆ (dimensionless)
C2yˆ (dimensionless)
D0 (dimensionless)
D1 (dimensionless)
D2 (dimensionless)
D0xˆ (dimensionless)
D1xˆ (dimensionless)
D2xˆ (dimensionless)
FDirac1 (dimensionless)
FDirac2 (dimensionless)
F
M
a
j.
1
(d
im
en
si
o
n
le
ss
)
FMaj.2 (dimensionless)
θ = 0.5π
θ = 0.4π
θ = 0.3π
θ = 0.2π
θ = 0.1π
θ = 0
(b) FMaj.1 (Sun)
10-3 10-2 10-1 100 101 102
-1.0×10-14
0.0
1.0×10-14
2.0×10-14
3.0×10-14
4.0×10-14
5.0×10-14
6.0×10-14
7.0×10-14
PSfrag replacements
q (dimensionless)
C0 (dimensionless)
C1 (dimensionless)
C2 (dimensionless)
C0yˆ (dimensionless)
C1yˆ (dimensionless)
C2yˆ (dimensionless)
D0 (dimensionless)
D1 (dimensionless)
D2 (dimensionless)
D0xˆ (dimensionless)
D1xˆ (dimensionless)
D2xˆ (dimensionless)
FDirac1 (dimensionless)
FDirac2 (dimensionless)
F
M
a
j.
1
(d
im
en
si
o
n
le
ss
)
FMaj.2 (dimensionless)
θ = 0.5π
θ = 0.4π
θ = 0.3π
θ = 0.2π
θ = 0.1π
θ = 0
(c) FMaj.1 (Sun) (Ω = 0)
FIG. 4: Comparison of F1 as a function of q for Dirac and Majorana neutrinos assuming various angles of the neutrino beam
off the axis of symmetry, where θ is defined by Figure 1. For both Figures 4(a) and 4(b), the plot profiles show that magnitude
of F1 is most pronounced for θ = π/2. For a non-rotating star (Ω = 0), Figure 4(c) shows that there still exists a non-trivial
contribution to FMaj.1 , though reduced by three orders of magnitude compared to Figure 4(b).
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FIG. 5: Comparison of F2 as a function of q for Dirac and Majorana neutrinos for varying neutrino beam orientation. Unlike
for Figure 4, an increase of θ on Figure 5(a) leads to a decrease in the magnitude of FDirac2 , suggesting that rotation of the
gravitational source serves to dampen the quadratic mass correction in the energy difference. A more intriguing effect appears
in the small q behaviour found in Figure 5(b), which does not dampen to zero as q → 0. This is somewhat surprising, since
the profile of the matrix element components which contribute to this plot for FMaj.2 all vanish for small q. For the case of a
non-rotating star (Ω = 0), Figure 5(c) yields a non-zero plot, again with a reduction of three orders of magnitude compared to
Figure 5(b).
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C. Predicted Effects on Neutrinos from SN1987A
Using SN1987A as the gravitational source [37], M = 1.4M⊙ = 2.072 × 105 cm, R = 10 km, and r = 49 kpc
= 1.512 × 1023 cm, leading to M/r = 1.3704 × 10−18. Unlike the Sun, SN1987A has a much higher rotational
frequency, with an estimated period of 2.14 ms. This results in MΩR2/r2 = 8.8702× 10−37.
Plots of the functions Cj and Cjyˆ are found in Figure 6. Essentially, they possess the same properties as found in
Figure 2, except for an increase in their magnitudes. The corresponding plots of Dj are found in Figure 7, and they
also behave in the same fashion as found in Figure 3. As for Djxˆ, they need to be treated with greater care. This
is because, as stated earlier, Djxˆ are proportional to (r/R)
3 as opposed to (r/R)2 for Dj (see Appendix C), which
implies that the expression (MΩR2/r2)Djxˆ is proportional to r/R. For r ≫ R, the contribution of Djxˆ overwhelms all
other contributions to the matrix element. This appears to be physically unrealistic, since the effect of rotation should
decrease with increasing radial distance from the source. Therefore, to compensate for this anomaly, we introduce by
hand an overall regulator (C.1) to account for the effects of wave packet spread, such that
Djxˆ → exp
[
−k
2
0 (r −R)2
q2
]
Djxˆ, (93)
which amounts to exponentially damping these functions to zero for large r.
The plots of FDirac1 and F
Maj.
1 for varying θ are listed in Figure 8. Like that shown with Figure 4 involving the Sun,
Figure 8(a) shows that the magnitude of FDirac1 grows with increasing θ and is on the order of 10
−2, while Figure 8(b)
has a magnitude of order 10−4. Similarly, the comparison of FDirac1 and F
Maj.
1 as a function of θ shown in Figure 9
resembles that of Figures 5(a) and 5(c), with magnitudes of 0.5− 0.6 and 8.0× 10−4, respectively.
D. Observational Possibilities
Because (71) and (85) have both a dependence on ∆m¯221 ≡ m¯22 − m¯21 and ∆m¯21 ≡ m¯2 − m¯1, where by convention
we assume m2 > m1, it follows that we have enough information to algebraically solve for the absolute masses m1
and m2 by a parameter fit of q, ∆m¯21, and ∆m¯
2
21 to any data which registers gravitational corrections to the neutrino
oscillation length. This leads to
m1 =
∆m¯21
2
[
∆m¯221
(∆m¯21)
2 − 1
]
(~ k0) , (94)
m2 =
∆m¯21
2
[
∆m¯221
(∆m¯21)
2 + 1
]
(~ k0) . (95)
It is interesting to note that, while any precise determination of the linear mass difference must come from observation,
it is possible to determine a theoretical upper bound to ∆m¯21 strictly from consistency arguments that follow from
assuming that mj ≥ 0. Since it must be true from (94) that
∆m¯21
∆m¯221
≤ 1
∆m¯21
, (96)
it follows that we can define an experimental parameter ǫ as some deviation from the presumed mass-induced energy
difference due to special relativity, such that
∆E = (~ k0)
[
F1∆m¯21 +
(
F2 +
1
2
)
∆m¯221
]
≡ (~ k0) 1
2
∆m¯221 (1 + 2 ǫ) , |ǫ| ≪ 1 (97)
where ∆E ≡ E(±)m¯2 − E(±)m¯1 . Then upon solving for ǫ, leading to
ǫ =
∆E¯
∆m¯221
− 1
2
= F2 + F1
(
∆m¯21
∆m¯221
)
, (98)
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FIG. 6: Plots of dimensionless functions Cj and Cjyˆ with respect to q, where SN1987A is the gravitational source. Apart from
their magnitudes, Figures 6(a)–6(f) behave in the same general way as their counterparts in Figure 2.
30
10-6 10-5 10-4 10-3 10-2 10-1 100 101 102 103
-1.5×1034
-1.0×1034
-5.0×1033
0.0
5.0×1033
PSfrag replacements
q (dimensionless)
C0 (dimensionless)
C1 (dimensionless)
C2 (dimensionless)
C0yˆ (dimensionless)
C1yˆ (dimensionless)
C2yˆ (dimensionless)
D
0
(d
im
en
si
o
n
le
ss
)
D1 (dimensionless)
D2 (dimensionless)
D0xˆ (dimensionless)
D1xˆ (dimensionless)
D2xˆ (dimensionless)
FDirac1 (dimensionless)
FDirac2 (dimensionless)
FMaj.1 (dimensionless)
FMaj.2 (dimensionless)
θ = 0.5π
θ = 0.4π
θ = 0.3π
θ = 0.2π
θ = 0.1π
θ = 0
(a) D0 (SN1987A)
10-6 10-5 10-4 10-3 10-2 10-1 100 101 102 103
-5.0×1032
0.0
5.0×1032
1.0×1033
1.5×1033
2.0×1033
2.5×1033
PSfrag replacements
q (dimensionless)
C0 (dimensionless)
C1 (dimensionless)
C2 (dimensionless)
C0yˆ (dimensionless)
C1yˆ (dimensionless)
C2yˆ (dimensionless)
D0 (dimensionless)
D
1
(d
im
en
si
o
n
le
ss
)
D2 (dimensionless)
D0xˆ (dimensionless)
D1xˆ (dimensionless)
D2xˆ (dimensionless)
FDirac1 (dimensionless)
FDirac2 (dimensionless)
FMaj.1 (dimensionless)
FMaj.2 (dimensionless)
θ = 0.5π
θ = 0.4π
θ = 0.3π
θ = 0.2π
θ = 0.1π
θ = 0
(b) D1 (SN1987A)
10-6 10-5 10-4 10-3 10-2 10-1 100 101 102 103
-1.0×1033
0.0
1.0×1033
2.0×1033
3.0×1033
4.0×1033
PSfrag replacements
q (dimensionless)
C0 (dimensionless)
C1 (dimensionless)
C2 (dimensionless)
C0yˆ (dimensionless)
C1yˆ (dimensionless)
C2yˆ (dimensionless)
D0 (dimensionless)
D1 (dimensionless)
D
2
(d
im
en
si
o
n
le
ss
)
D0xˆ (dimensionless)
D1xˆ (dimensionless)
D2xˆ (dimensionless)
FDirac1 (dimensionless)
FDirac2 (dimensionless)
FMaj.1 (dimensionless)
FMaj.2 (dimensionless)
θ = 0.5π
θ = 0.4π
θ = 0.3π
θ = 0.2π
θ = 0.1π
θ = 0
(c) D2 (SN1987A)
FIG. 7: Dimensionless functions Dj as a function of q for the case of SN1987A. When the effects of wave packet spreading
are taken into account, it happens that the corresponding Djxˆ are exponentially damped to zero, and therefore make no
contribution to the predicted neutrino energy difference.
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FIG. 8: Comparison of F1 as a function of q due to the SN1987A gravitational source, for varying neutrino beam angle θ. Like
the behaviour shown in Figure 4, the effect of increasing θ is to increase the magnitude of FDirac1 and F
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1 .
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FIG. 9: Comparison of F2 as a function of q for Dirac and Majorana neutrinos with SN1987A as the gravitational source.
While less pronounced as that demonstrated in Figure 5, the effect of increasing θ on Figure 5(a) also leads to a decrease in the
magnitude of FDirac2 , with a shift of the peak to lower values of q. Unlike that of Figure 5(b), however, the small q behaviour
of Figure 9(b) is as expected.
it follows that use of (96) leads to the upper bound for the absolute neutrino mass difference,
∆m¯21 ≤ F1
ǫ− F2 . (99)
Figures 10 and 11 describe (99) for the solar and SN1987A cases, respectively, as a function of q and for a variety
of choices for ǫ. We notice immediately that the upper bound for ∆m¯21 is essentially constant in q for most choices
of ǫ, except when q & 10. Direct comparison of ∆m¯Dirac21 with ∆m¯
Maj.
21 shows that the former allows for a much
higher upper bound with even very tiny choices of ǫ, while the latter is very sensitive to the choice of ǫ and leads
to more restrictive upper bounds for ∆m¯21. For the case of the Sun, Figure 10(a) shows that ∆m¯
Dirac
21 ≤ 0.491 for
10−30 ≤ ǫ ≤ 10−16, which then increases to ∆m¯Dirac21 . 0.54 for most choices of q when ǫ = 10−14. Given that
the mean momentum ~ k0 for solar neutrinos is on the MeV scale and we assume oscillations between electron and
muon neutrinos, the upper bound for ∆mDirac21 = ∆m¯
Dirac
21 (~ k0) is largely consistent with the upper bound of mνµ ≤
0.170 MeV [7], as determined by experiment. In contrast, Figure 10(b) shows that ∆m¯Maj.21 . 10
−3 for ǫ = 10−10
and ∆m¯Maj.21 . 10
−11 for ǫ = 10−2, while Figure 10(c) leads to ∆m¯Maj.21 . 10
−6 and ∆m¯Maj.21 . 10
−14 for the same
respective choices of ǫ. These results suggest the prediction that Majorana neutrino masses must be closely spaced
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FIG. 10: Upper bound of ∆m¯21 for various choices of ǫ, where the Sun is the gravitational source. It appears that ∆m¯21 is
largely a constant in q throughout the whole range available. Comparison of Figure 10(a) with Figure 10(b) shows that the
mass separation for Dirac neutrinos can be several orders of magnitude larger compared to that of Majorana neutrinos. From
Figure 10(c), the absence of Ω serves to reduce the upper bound of ∆m¯21 for each choice ǫ by three orders of magnitude.
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FIG. 11: Upper bound of ∆m¯21 as a function of q for the case of SN1987A. From Figure 11(a), it appears that the maximum
mass separation for Dirac neutrinos is independent of the choice of ǫ, while Figure 11(b) shows that the upper bound decreases
in proportion to each order of magnitude increase of ǫ.
together to be self consistent with this model, while Dirac neutrinos have the option of also having a much larger
mass separation. This property is also reflected in Figures 11(a) and 11(b), where ∆m¯Dirac21 ≤ 0.074 for the full range
of q considered, while ∆m¯Maj.21 . 10
−6 for ǫ = 10−3 and reduces to ∆m¯Maj.21 . 10
−8 for ǫ = 10−1. Furthermore, a
much larger ǫ is required to obtain ∆m¯Maj.21 than for ∆m¯
Dirac
21 , which immediately follows from the fact that F
Dirac
1
carries opposite sign compared to FDirac2 , while F
Maj.
1 and F
Maj.
2 have the same sign.
Finally, we consider the likelihood of observing the gravitational corrections in future neutrino oscillation experi-
ments. The best possibility appears to be with the efforts of SNO [38] and Borexino [39] to measure low-energy solar
neutrinos on the order of 1 MeV, whose flux rate is many orders of magnitude larger than for previous measurements.
This can be done in combination with a precision measurement of ∆m¯221 from an independent observation, such as
from the T2K [40] long baseline neutrino oscillation experiment under development. In particular, SNO is focussing
attention on measuring the monoenergetic solar neutrinos [41] with energy Eν = 1.44 MeV due to the pep reaction
component in the pp − I chain [7], with an uncertainty of 3-5% [41]. The advantage with this measurement comes
from knowing that this reaction is confined to a very narrow energy range and suggests a realistic value for q that
falls within the non-zero values for Fj . As for neutrinos from supernovae like SN1987A, while the plots from Figures 8
and 9 show a significant spin-gravity correction to the mass-dependent energy difference, it seems unlikely [41] that
we may be able to find suitable candidates which can provide the required precision to identify a recognizable signal.
However, it remains to be seen whether that is the final answer.
VII. CONCLUSION
We have shown in this paper that spin-gravity interaction, via gravitational phase and time-independent pertur-
bation theory, offers the possibility of distinguishing between Dirac and Majorana neutrinos propagating as wave
packets. The distinctions between the two neutrino types are unambiguous at the matrix element level, and lead to
meaningful predictions in gravitational corrections to the neutrino oscillation length. This has been explicitly demon-
strated using both the Sun and SN1987A as test cases for detailed analysis. The results presented here demonstrate
that gravity can be an interesting probe to better understand the fundamental nature of neutrinos and possibly other
subatomic particles. Because the associated matrix elements for the two neutrino types generates a linear mass term
in the perturbed total energy that is coupled to the background gravitational field, we have the theoretical possibility
of determining the absolute masses for a two-flavour oscillating system. Furthermore, this model can be used to
determine for both Dirac and Majorana neutrinos the allowable upper bound for the absolute mass difference, and
shows that while Dirac neutrinos can have a large mass separation, Majorana neutrinos must necessarily have a much
smaller mass separation under the same conditions.
It is worthwhile to identify details where improvements of the model can be employed. For instance, we made
the assumption that the width of the neutrino wave packet is constant in time. Since this is strictly not true, it
will be necessary to incorporate the spreading of the wave packet in any future development of this project. In so
34
doing, however, we change the fundamental nature of the problem such that we then require either time-dependent
perturbation theory or some other compatible technique. Another technical point to address concerns the use of a
regulator to tame some isolated terms in the matrix elements which otherwise grow infinitely large in the spatial
integration. This issue may actually be resolved if a dynamical wave packet width is accounted for in a more refined
model. Since we know of at least three neutrino flavours in existence, further development of this project may include
a three-flavour oscillation, which introduces considerable complexity to the original problem. On a more fundamental
level, it is possible to consider abandoning the wave packet model altogether in favour of a quantum field theory
approach in curved space-time [42]. It remains to be seen what is the best route to follow for any future developments
of this analysis. Nonetheless, it seems clear that the results presented here merit further investigation.
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APPENDIX A: EVALUATION OF MOMENTUM INTEGRALS
The required integrations over k are described by the functions
Qc(n) =
∫ ∞
0
exp
[
− (k − k0)
2
4 σ2p
]
cos(k r) kn dk = Re [Q(n)] , (A.1)
Qs(n) =
∫ ∞
0
exp
[
− (k − k0)
2
4 σ2p
]
sin(k r) kn dk = Im [Q(n)] , (A.2)
where
Q(n) =
∫ ∞
0
exp
[
− (k − k0)
2
4 σ2p
]
eikr kn dk (A.3)
and n are integers and −2 ≤ n ≤ 2. For q = k0/σp, the evaluation of (A.3) for non-negative n is relatively
straightforward, the results of which are
Q(0) =
√
π
(
k0
q
)[
1 + erf
[
q
2
+ i
(
k0 r
q
)]]
e−(k0R/q)
2
eik0r, (A.4)
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(
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q
)2
e−q
2/4 +
√
π
(
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q
)2 [
q + 2 i
(
k0 r
q
)][
1 + erf
[
q
2
+ i
(
k0 r
q
)]]
e−(k0R/q)
2
eik0r, (A.5)
Q(2) = 2
(
k0
q
)3 [
q + 2 i
(
k0 r
q
)]
e−q
2/4
+
√
π
(
k0
q
)3 [(
q2 + 2
)
+ 4 i (k0r)− 4
(
k0 r
q
)2][
1 + erf
[
q
2
+ i
(
k0 r
q
)]]
e−(k0R/q)
2
eik0r. (A.6)
In order to allow for the final integration over r, the complex error functions present in (A.4)–(A.6) and elsewhere
have to be approximated for suitable limiting cases. For a complex variable z = x + i y with |z| ≫ 1, it is generally
true that
erf(z)||z|≫1 = 1−
1√
π
[
1
z
− 1
2 z3
+
3
4 z5
− 15
8 z7
+
105
16 z9
− · · ·
]
e−z
2
= 1− 1√
π
[
x− i y
x2 + y2
− 1
2
(
x− i y
x2 + y2
)3
+
3
4
(
x− i y
x2 + y2
)5
− 15
8
(
x− i y
x2 + y2
)7
+ · · ·
]
e−z
2
. (A.7)
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If x = q/2 and y = k0r/q, then for all the choices of q considered for given k0 and R, it is always true that y ≫ 1,
and that x/y = 12 (q
2/(k0r))≪ 1. By performing an expansion of (A.7) with respect to x/y, it can be shown that to
leading order for fixed k0,
erf
[
q
2
+ i
(
k0 r
q
)]
≈ 1− 1√
π
(
q
k0r
)[
q
2
(
q
k0r
)
− i
]
e−q
2/4 e(k0R/q)
2
e−ik0r. (A.8)
Substitution of (A.8) into (A.4)–(A.6) leads to (A.1) and (A.2) once the real and imaginary parts of the final expressions
are evaluated.
The integrals Q(−1) and Q(−2) are more challenging to perform, given that k is in the denominator, suggesting
the possibility of infrared divergences for these expressions. However, there is a procedure available to obtain these
integrals without any troubling behaviour as k → 0. To accomplish this, we first define a function fn(k0) where
fn(k0) =
∫ ∞
0
exp
[
− (k − k0)
2
4 σ2p
]
eikr
kn
dk, n = 1, 2 (A.9)
such that Qc(−n) = Re [fn(k0)] and Qs(−n) = Im [fn(k0)]. By differentiating (A.9) with respect to k0, it follows that
the integral must satisfy the first-order differential equation
dfn(k0)
dk0
+
k0
2 σ2p
fn(k0) =
1
2 σ2p
fn−1(k0), (A.10)
which immediately leads to the solution
fn(k0) =
1
2 σ2p
e−k
2
0/4σ
2
p
∫
ek
2
0/4σ
2
p fn−1(k0) dk0 +Kn (A.11)
with constant of integration Kn. Since fn(k0)→ 0 as k0 →∞, it is clear that Kn = 0 from this boundary condition.
By repeated use of (A.11), fn(k0) can be explicitly evaluated for all n ≥ 1, provided that an explicit solution for
f1(k0) is obtainable. Fortunately, given that f0(k0) = Q(0) by construction, f1(k0) can be expressed upon substitution
of (A.4) into (A.11). Utilizing (A.8) and the integral∫
ek
2
0/4σ
2
p eik0r dk0 = i
√
π
(
k0
q
)
e(k0R/q)
2
erf
[(
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q
)
− i
(q
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)]
, (A.12)
where
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[(
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q
)
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(q
2
)]
≈ 1− 1√
π
(
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)[
1 + i
q
2
(
q
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)]
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2
eq
2/4 eik0r (A.13)
by employing the same line of reasoning as used to determine (A.8), it follows that
f1(k0) = Q(−1) =
[
−1
8
(
k20
σ4p r
2
)
+
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2
(
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σ2p r
)
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)
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2
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2
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(
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[
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(
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e−q
2/4. (A.14)
Finding (A.11) for n = 2 is also a straightforward process, given (A.14). This leads to
f2(k0) = Q(−2) =
[
− 1
48
(
k30
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+
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√
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2/4. (A.15)
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Therefore, the final expressions for Qc(n) and Qs(n) are the following:
Qc(−2) = −
√
π
2
(
q
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)(
q
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)2 [
cos(k0r) − q
(
q
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)
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3
48π
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2/4, (A.16)
Qs(−2) = −
√
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)2 [
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√
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√
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2
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)
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APPENDIX B: EVALUATION OF RADIAL INTEGRALS
For this paper, most of the radial integrals have the form
S(α, β, n) =
∫ ∞
R
e−α(k0R/q)
2
eiβk0r rn dr, n = −9 . . .2 (B.1)
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where α is a positive integer and β is an integer in the range−α ≤ β ≤ α. For nonnegative n, (B.1) can be immediately
integrated, leading to
S(α, β, 0) =
1
2
√
π
α
(
q
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)
e−β
2q2/(4α) erf
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(
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2
)]∣∣∣∣
∞
R
, (B.2)
S(α, β, 1) = −
(
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1
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(B.3)
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It then follows that
S(α, β, 0) =
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)2{[
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S(α, β, 1) =
1
2α
(
q
k0R
)2{[[
1− β
2 q2
4α2
(
q
k0R
)2]
cos(β k0R)− β q
2α
(
q
k0R
)
sin(β k0R)
]
+ i
[
β q
2α
(
q
k0R
)
cos(β k0R) +
[
1− β
2 q2
4α2
(
q
k0R
)2]
sin(β k0R)
]}
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1 +
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]
+ i
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cos(β k0R) + sin(β k0R)
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2
R3. (B.8)
However, for positive-valued n, the evaluation of (B.1) is less straightforward. Fortunately, by treating β as a
continuous parameter and making use of the identity
1 =
∫
dβ
(
d
dβ
)
, (B.9)
it is possible to solve for S(α, β,−1) using (B.6). This leads to the iteration solution
S(α, β,−c) = i k0
∫
S (α, β,−(c− 1)) dβ, c = 1 . . . 9
=
1
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)2{[[
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)2]
cos(β k0R)− β q
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q
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sin(β k0R)
]}
e−α(k0R/q)
2
R(c−1)
. (B.10)
As expected, when β → −β the real parts of (B.6)–(B.8) and (B.10) remain unaffected, while the imaginary parts
change sign under this transformation.
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APPENDIX C: EVALUATION OF THE DIMENSIONLESS FUNCTIONS Cj AND Dj
In this Appendix, we list in analytical form the dimensionless functions Cj and Dj for the Dirac and Majorana
matrix elements, due to the gravitational phase ΦG. Up to the approximation of the complex error functions, as
described in Appendices A and B, these expressions for Cj and Dj are exact. While almost all the terms in the final
expressions below are well behaved for the full range of q, there are some isolated terms which diverge when q → 0
and/or when r →∞. For these terms, we insert by hand an exponential decay regulator of the form
ξ (q, k0, r, R) ≡ exp
[
−k
2
0 (r −R)2
q2
]
, (C.1)
which mimics the effects of wave packet spreading with time to provide a physically plausible cutoff of the respective
integrals. The choice of (C.1) results from evaluating the time evolution of a one-dimensional wave packet with
ultrarelativistic energy, following standard techniques [11].
The Cj and Dj can be written in the general form
Cj (q, k0, r, R) = (Cj)ab cos
a (k0R) sin
b (k0R) , (C.2a)
Dj (q, k0, r, R) = (Dj)ab cos
a (k0R) sin
b (k0 R) , (C.2b)
where (Cj)ab and (Dj)ab are expressed in terms of q, the dimensionless parameter µ ≡ q/ (k0R)≪ 1, and (C.1). We
proceed to list the components of (C.2) for the Dirac and Majorana matrix elements, respectively.
1. Dirac Neutrinos
For the Cj functions, we have the respective components (Cj)ab, where
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For the Dj functions, the components (Dj)ab are
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2. Majorana Neutrinos
The dimensionless functions Cjyˆ and Djxˆ which define the Majorana matrix element can be expressed as shown in
(C.2). Therefore, it follows that the components for Cjyˆ are
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The components for Djxˆ are
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